UNIVERSALITY OF TRAP MODELS IN THE ERGODIC TIME SCALE 
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Abstract. Consider a sequence of possibly random graphs Gjv = (Vjv,i?]v), N > 1, whose vertices's 
have i.i.d. weights {Wj^ : x G Vjv} with a distribution belonging to the basin of attraction of an te- 
stable law, < a < 1. Let Xf 1 , t > 0, be a continuous time simple random walk on Gjv which waits a 
mean exponential time at each vertex x. Under considerably general hypotheses, we prove that in 
the ergodic time scale this trap model converges in an appropriate topology to a X-process. We apply 
this result to a class of graphs which includes the hypercube, the d-dimensional torus, d > 2, random 
d-regular graphs and the largest component of super-critical Erdos-Rcnyi random graphs. 



1. Introduction 



Trap models were introduced to investigate aging, a nonequilibrium phenomenon of considerable 
physical interest [37J IH1 H2]- These trap models are defined as follows: consider an unorientcd graph 
G = (V, E) with finite degrees and a sequence of i.i.d. strictly positive random variables {W z : z e V} 
CNJ ■ indexed by the vertices. Let {X t : t > 0} be a continuous-time random walk on V which waits a mean W z 

exponential time at site z, at the end of which it jumps to one of its neighbors with uniform probability. 

The expected time spent by the random walk on a vertex z is proportional to the value of W z . It 
is thus natural to regard the environment W as a landscape of valleys or traps with depth given by 
the values of the random variables {W z : z <E V}. As the random walk evolves, it explores the random 
landscape, finding deeper and deeper traps, and aging appears as a consequence of the longer and longer 
■ times the process remains at the same vertex. 

Since [5], aging has been observed in short time scales in many trap models [21 El El El E] - The 
investigation of trap models in the time scale in which the deepest traps arc visited was started in 
[T5] , where the authors examined the asymptotic behavior of the random walk among traps in Z and 
in the complete graph. In the first case the random walk converges to a degenerated diffusion, while 
| in the second it converges to the if-process, a continuous-time, Markov dynamics on N which hits any 

C^- ■ finite subset A of N with uniform distribution. This latter result was extended in [17] to the hypercube 

and in |22) to the d-dimensional torus, d > 2. 

In the present paper, we exhibit simple conditions that imply the convergence to the -RT-process in 



the scaling limit. Our conditions are general enough to include the hypercube and the torus, as well as 



random d-regular graphs and the largest component of the super-critical Erdos-Renyi random graphs. 
These are good examples to keep in mind throughout the text. 

Let {Gn ■ N > 1}, Gn = {Vn,En), be a sequence of possibly random, finite, connected graphs 
defined on a probability space (17,5", P), where Vjv represents the set of vertices and En the set of 
■ unoriented edges. Assume that the number of vertices, |Vjv|, converges to +oo in P-probability. 

Assume that on the same probability space (f2, 3", P), we are given an i.i.d collection of random variables 
{Wj 1 : j > 1}, N > 1, independent of the random graph Gjv and whose common distribution belongs 
to the basin of attraction of an a-stable law, < a < 1. Hence, for all N > 1 and j > 1, 

nwf > n = ^ , t > o , (i.i) 



where L is a slowly varying function at infinity. 

j \Vn\ 

turning Gn = {Vn,En,W n ) into a finite, connected, vertex-weighted graph. 

Consider for each N > 1, a continuous-time random walk {A t w : t > 0} on Vjy, which waits a mean 
W% exponential time at site x, after which it jumps to one of its neighbors with uniform probability. 



For each N > 1, re-enumerate in decreasing order the weights W-j* , . . . , Wy^ N y Wj = 1 < 

j < | Vat | for some permutation a of the set {1, . . . , |Vzv|} and Wf > Wf +l for 1 < j < \V N \. Let 
(xi , . . . ,xfy i) be a random enumeration of the vertices of Gn and define W N N = , 1 < j < |Vjv|, 



Key words and phrases. Trap models, scaling limit, metastability. 

1 



The generator £>n of this walk is given by: 

^^'^w^ lm - f{x)] (L2) 

for every / : Vn — > where y ~ x means that {x,y} belongs to the set of edges En and where deg(a;) 
stands for the degree of x: deg(x) = #{y G Vn : y ~ ar}. 

Heuristics. The main results of this article assert that, under fairly general conditions on the graph 
sequence Gn, the random walk Xj^ converges in the ergodic time scale to a if -process. Let us now give 
an informal description of the above statement . 

Given the graph sequence Gat and the associated weights , suppose that 

(1) A small number of sites supports most of the stationary measure of the process Xf , see (|B0[) . 
and that we are able to find a sequence In satisfying the following conditions: 

(2) the ball B(x,£n) around a typical point x has a volume much smaller than \Vn\, see (|Bip . 

(3) starting outside of the above ball, the random walk 'mixes' before hitting its center x, see (IB2I) 
and 

(4) the graphs Gn are transitive (or satisfy the much weaker hypothesis (|B3|0 . 
Under the above conditions, we are able to show that 

Xf* converges to a if -process, (1-3) 

introduced in [T51 , after proper scaling, see Theorems 12.11 and 12.21 

Still on a heuristic level, let us give a brief explanation of why the above conditions should imply the 
stated convergence. Let Mn be a sequence of integers converging to +oo slowly enough for the balls 
B(x ] j ,£n), 1 < j < Mn, to be disjoint. We call the vertices {x^ , . . . , x^ In } the deep traps and the 
remaining vertices {%m n +i> • • • > x \v N \} ^ ne shallow traps. The idea is to decompose the trajectory of the 
random walk in excursions between the successive visits to the balls B(x^ ,£n)- 

Denote by vi N {x ! j) the escape probability from . This is the probability that the random walk 
Xt starting from x^ 1 attains the boundary of the ball B{x^ ,£n) before returning to x^ . The random 
walk X^ starting from x 1 ^ visits x^ on average ve N (Xj f )~ 1 times before it escapes. After escaping, it 
mixes and then it reaches a new deep trap with a distribution determined by the topology of the graph. 
This distribution does not depend on the last deep trap visited because the process has mixed before 
reaching the next trap. In an excursion between two deep traps, the random walk visits only shallow 
traps, which should not influence the asymptotic behaviour. 

Hence, if the escape probabilities and the degrees of the random graph have a reasonable asymptotic 
behavior, see (|B3[) , we expect the random walk X^ to evolve as a Markov process on {1,...,Mjv} 
which waits at site j a mean W N N vi N (x 1 ^)~ 1 exponential time, at the end of which it jumps to a point 

in {1, . . . , Mn} whose distribution does not depend on j. This latter process can be easily shown to 
converge to the if -process, proving the main result of this article. 

There are several interesting examples of random graphs which arc not considered in this article. 
Either because the assumptions (|B0|) (|B3|) fail or because they have not been proved yet. We leave 
as open problems the asymptotic behavior of a random walk among random traps on uniform trees 
on N vertices, on the critical component of an Erdos-Rcnyi graph, on Sierpinski carpets, on the giant 
component of the percolation cluster on a torus or on the invasion percolation cluster. 

The article is organized as follows. In the next section we give a precise statement of our main 
results. In the following two sections we present some preliminary results on hitting probabilities and 
holding times of a random walk among random traps. In section [5] we present the topology in which 
the convergence to the if -process takes place and in Section [5] we construct a coupling between the 
random walk and a Markov process on the set {1, . . . , M}. This latter process can be seen as the trace 
of the if -process on the set {1, . . . , M} and the coupling as the main step of the proof. In Section [7] 
we show that this latter process converges to the if-process. Putting together the assertions of Sections 
[5j [H [7] we derive in Section [8] a result which provides sufficient conditions for the convergence to the 
if -process of a sequence of random walks among random traps on deterministic graphs. We adapt this 
result in Section [S] to random pseudo-transitive graphs and in Section [TU] to graphs with asymptotically 
random conductances. We show in Section [TT] that this latter class includes the largest component of a 
super-critical Erdos-Rcnyi graphs. 
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2. Notation and results 



Recall the notation introduced in the previous section up to the subsection Heuristics. Denote by un 
the unique stationary distribution of the process {X^ : t > 0}. An elementary computation shows that 
vn is in fact reversible and given by 

where Zjv is the normalizing constant Zn = J2 y ev N deg(j/)Wj v '. 

For a hxcd graph Gtv and a fixed environment W = {W^ : z £ Vn}, denote by = P^f N ' W , 
x £ Vn, the probability on the path space D(M.+,Vn) induced by the Markov process {Xf : t > 0} 
starting from x. Expectation with respect to is represented by E^. We denote sometimes Xf* by 
X N (t) to avoid small characters. 

Let {X^ : n > 0} be the lazy embedded discrete-time chain in Xf* , i.e., the discrete-time Markov 
chain which jumps from x to y with probability (1/2) deg(x) -1 if y ~ x and which jumps from x to 
x with probability (1/2). Denote by ttn the unique stationary, in fact reversible, distribution of the 
skeleton chain, given by 

deg(x) 

ttjv(x) = ^ — n • (2.2) 

For a subset i? of Vn, we denote by Hb the hitting time of B and by ifg the return time to B: 
H B = inf {< > : X? £ B) , 

H+ = inf {i > : X t N £ B and 3s < t s.t. Xf £ B} . 

When i? is a singleton {a;}, we denote Hb, Hg by H x , respectively. We also write Mb (resp. M~g) 
for the hitting time of a set B (resp. return time to B) for the discrete chain X^. 

iiT-processes. To describe the asymptotic behavior of the random walk Xf , consider two sequences of 
positive real numbers u = {u^ : k £ N} and Z = {Z^ : k £ N} such that 

^Z k u k < oo, ^u fc = oo. (2.3) 

feGN fcGN 

Consider the set N = N U {oo} of non-negative integers with an extra point denoted by oo. We endow 
this set with the metric induced by the isometry </> : N — > R, which sends n £ N to 1/n and oo to 0. This 
makes the set N into a compact metric space. 

In Scction[71 based on [18], we construct a Markov process on N, called the i^-process with parameter 
(Zk,Uk) which can be informally described as follows. Being at k £ N, the process waits a mean Z k 
exponential time, at the end of which it jumps to oo. Immediately after jumping to oo, the process 
returns to N. The hitting time of any finite subset A of N is almost surely finite. Moreover, for each fixed 
n > 1, the probability that the process hits the set {1, . . . , n} at the state k is equal to u k j Yli<j< n u i- 
In particular, the trace of the if- process on the set {!,... ,n} is the Markov process which waits at k a 



Ui. 



mean Z k exponential time at the end of which it jumps to j with probability Uj/^2 1<:i< 

Topology. Between two successive sojourns in deep traps, the random walk X^ visits in a short time 
interval several shallow traps. If we want to prove the convergence of the process X^ to a process which 
visits only the deep traps, we need to consider a topology which disregard short excursions. With this 
in mind, we introduce the following topology. 

Fix T > 0. For any function / : [0, T] — > R and any point t £ [0, T], we say that / is locally constant 
at t if / is constant in a neighborhood of t. Let 

= {t£ [0, T] ; / is locally constant in t}, (2.4) 

and T)(f) = G(f) c . Notice that the set D (/) is always closed. Let A denote the Lebesgue measure in 
[0,T] and denote by Mq the space of functions which are locally constant a.e., that is 

Mo := {/ : [0, T) -> R; A(D(/)) = 0} . (2.5) 

We say that two locally constant functions / and g £ Mq are equivalent, / ~ g, if f(t) = g(t) for any 
t $ £>(/) U D(g). Note that if / ~ g then f = g almost everywhere. We show in Lemma loTTl below that 
~ is an equivalence relation in Mq. 

Let M = Mq/ ~ and make the space M into a metric space by introducing the distance 

d T (f,g) = M {\\f-g\U A c+A(A)} , (2.6) 



where 23 = 23([0, T]) is the set of Borel subsets of [0, T], and ||/ — g||oo,A<= stands for the supremum norm 
of / — g restricted to A c . Intuitively speaking, the distance between / and g is small if they are close to 
each other, except for a set of small measure. 

We prove in Lemma 15721 that g?t is well defined and that it introduces a metric in M. With this metric, 
M is separable but not complete. 

Main result. Let V = Vjv = | Vjv | and let 4* n ■ Vn {1>- • • jVjy} be the random function defined 
by ^ N {xf ) = j. The first main result of this article relies on three assumptions. We first require the 
sequence of invariant measures vn to be almost surely tight. Assume that for any increasing sequence 
Jn, with lim at Jn = oo, 

V^E[M{xT,---A{j„,v„}} c j\ = o- (BO) 

Denote by B(x, £) the ball of radius £ centered at a; € Vn with respect to the graph distance d = cLn in 
Gn- Fix a sequence {£n '■ N > I } of positive numbers, representing the radius of balls we place around 
each deep trap. Let y be a vertex chosen uniformly among the vertices of Vjv. We assume that 

\B(t,2t N )\- 



lim E 1 v " " yi - . (Bl) 

N-s-oo L Vat J 

It follows from this condition that the number of vertices Vjv of the graph Gn diverges in probability: 

lim P\Y N > K] = 

for every K > 1. 

Let — ^jlrv be the total variation distance between two probability measures /i, v defined on Vjv, 
and let i m j X = t^ ix be the mixing time of the discrete chain {X^ : n > 0}, see equation (4.33) in 

We assume that the typical point y is not hit before the mixing time if one starts the random walk 
at distance at least £n from y. More precisely, we suppose that there exists an increasing sequence Ln, 
limjv-i-oo Ln = oo, such that 



lim E 



sup P y [H r < L N t mix ] = . (B2) 

y?B( r ,l N ) J 



We finally introduce the notion of pseudo-transitive graphs, which includes the classical definition 
of transitive graphs but also encompasses other important examples such as random regular graphs, 
discussed in Proposition l9.3l 

Consider a sequence of possibly random graphs Gn — (Vn,En)- We say that two subsets A, B of 
Vn with distinguished vertices y £ A, rj £ B, are isomorphic, (p, A) = (t),B), if there exists a bijection 
<p : A —> B with the property that (p(f) = X) and that for any a, b £ A, {a, b} is an edge of Gn if and only 
if {<p{a), <p(b)} is an edge of Gn- 

Let y, t) £ Vn be two vertices chosen independently and uniformly in Vjv- We say that Gat is pseudo- 
transitive for the sequence £n, if 

lim ¥[( h B( h £ N ))^ (t),B(t),£ N ))] -0. (2.7) 

AT— »oo 

Clearly, any sequence of transitive graphs is pseudo-transitive for any given sequence £n ■ 
For x £ Vn, let vg(x) = v¥(x) be the probability of escape from x: 

v e (x) = [m R(x , e) <m+] , 

and let {ck : fc > 1} be the sequence defined by 



c k 



1 = inf {t > : Pf^ > t] < fc" 1 } , (2.8) 

The constant c^ 1 represents the typical size of maxi<fc<jv , so that cvW^ for fixed j is of order one. 

Theorem 2.1. Fix a sequence of pseudo-transitive graphs Gn with respect to a sequence £n- Suppose 
that (|B0|) - (|B2p hold and that ^jvC-^oO converges in probability to some k £ N. Then, letting /Sjy 1 = 
cyv^ N (x^), we have that 

(cyW", ^n(X0 n )) converges weakly to (w,K t ), 

where the sequence w = (wi ,W2, ■ ■ ■) is defined in (|8.4p and where for each fixed w, K t is a K -process with 
parameter (w, 1) starting from fc. In the convergence, we adopted L (N) topology in the first coordinate 
and dT -topology in the second. 



It is not difficult to show from the definition of the random sequence w = (wi,W2, ■ ■ • ) that Wi has 
a Frechet distribution. In Section [§1 we apply Theorem 12.11 to the hypercube, the d-dimensional torus, 
d > 2, and to a sequence of random d-regular graphs, d > 3. 

The second main result of the article concerns graphs in which the assumption (|2.7|) of isometry of 
neighborhoods is replaced by an asymptotic independence and a second moment bound. 

Assume that there exists a coupling Qjv between the random graph {Gn '■ N > 1} and a sequence of 
i.i.d random vectors {(-Dfc, : k > 1} such that for every K > 1 and 5 > 0, 



lim Qjv max I u/(r,-) 1 — E- 1 | > 5 

N^oo L l<j<K 1 J J 1 



= 



if 

lim Q w [ |J{ dc gfe) + D j}] = . (B3) 

iv— >-oo L 



Qn [Di > 1 , < Et < 1] = 1 , £ Qn [(fli/Bi) 2 ] < oo , 

for one and therefore all N > 1, where £ = ^jv is the radius of the balls placed around each trap and 
introduced right above (|B1[) . and ji, . . . ,%k is a collection of distinct vertices chosen uniformly in Vjv. 
We can now state our second main result, which can be seen as a generalization of Theorem 12. II 

Theorem 2.2. Fix a sequence of random graphs Gn ■ Suppose that (|B0|1 (|B3|) hold and that ^> n(Xq) 
converges in probability to some fegN. Then, defining /3/v = Cy 1 , we have that 

(cyW^, typf(X£p N )) converges weakly to (w, K t ) , 

where the sequence w = (wi, u>2, ■ ■ ■ ) is defined in (|8.4p and where for each fixed w, K t is a K -process 
starting from k with parameter (Z,u), where = Wk/Ek and Uk = D^E^. In the convergence, we 
adopted L (N) topology in the first coordinate and dx-topology in the second. 

In Section 111! we apply this result to the largest component of a super-critical Erdos-Rcnyi random 
graph. We expect this statement to be applicable in a wider context, such as random graphs with random 
degree sequences, or percolation clusters on certain graphs. 



3. Hitting probabilities 

We prove in this section general estimates on the hitting distribution of a random walk on a finite 
graph. These estimates will be useful in the description of the trace of our trap model on the deepest 
traps. Since N will be kept fixed throughout the section, we omit N from the notation almost everywhere. 

Recall that we denote by d = djy the graph distance on Vjv: d(x,y) = to if there exists a sequence 
x = Zo, Zi, . . . , z m = y such that 2^+1 ~ zj for < i < m — 1, and if there do not exist shorter sequences 
with this property. For x G V/v arid a subset C of Vat, denote by d{x,C) the distance from x to C: 
d(x,C) = miUy^c d(x,y). For I > 1, denote by B(C,£) the vertices at distance at most £ from C: 
B(C,£) = {x G V N : d{x,C) < £} and let R(CJ) = B(C,£) C . When the set C is a singleton {x}, we 
write B(x,£), R(x,£) for B({x},£), R({x},£), respectively. 

Fix M > 1, a subset A = {x\, . . . ,Xm} of Vn and £ > 1. Recall from Section [5] that we denote by 
ve(x), x G A, the escape probability from x, and let p(x, A) be the probability of reaching the set A at 
x, when starting at equilibrium: 

v t (x) = P x [M R{x>e) <M+] , p(x,A) = P VN [X N (W A )=x] , (3.1) 

where irjy is the stationary state of the discrete-time chain X^, introduced in (|2.2[) . 

Lemma 3.1. Fix a subset A = {x\, . . . , xm} of V . For any z ^ A and for any L > 1, 

M 

\Pz[^m A = Xj] -p(xj,A)\ < 2 (2- L + P Z [M A < Lt mix \) . 

Moreover, if there exists £ > 1 such that d(x a ,Xb) > 21 + 1 for a ^ b, then for all L > 1 and for all 
1 < i < M, 

y^\P Xz [X MA =x j }-v e (x i )p{x j ,A)\ < 2v e (xi) max (2" L + P 2 [W A < Lt mix ] }. 

~ J z£R(A,£) I ) 
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Proof. Fix a subset A = {x\ 1 . . . , xm} of V and z $ A. By definition of the mixing time £ m i X and by the 
definition of the total variation distance, 

M 

| E * [ P X(it mix ) [ X HU = Xj] ] - [X Ma = Xj] 
M 

= H l {P4 X ( L< mix) = H - *(«>)} P -[ X H A = Xj] 

j=l w£V 

< 2||P 2 [X Ltmix =•] - 7r(-)|| TV < 2-2- L . 
To prove the first claim of the lemma, apply the Markov property to get that 

P z [X Ma = Xj ] < E z [P x(i t mix) [X H _ 4 = a?,-] ] + P z [Xbu = x s , M A < Li mix ] 

and that 

P 2 [X Ha = Xj] > P z [X Ha = Xj , Ha > Lt miK ] 

= E 2 [P X (L 4mix ) [X Ha = Xj]] ~ E z [P X (L tmix ) [X Ha = Xj] , M A < Linux] . 

The triangular inequality together with the previous two bounds and the estimate presented in the 
beginning of the proof show that 

M 

\Pz[^m A = - P v [X Ba = Xj ]\ < 2(2- L + P Z [M A < Lt mix ]) . 

i=i 

This proves the first claim of the lemma. 

We turn now to the proof of the second claim of the lemma. Since d(xi,A \ {xi}) > i and i ^ j, the 
expression inside the absolute value on the left hand side of the inequality can be written as 

P Xi [X(EU) = Xj | W R(xi , e) < H+] Vi (xi) - vt( Xi ) P (xj,A) . 

The absolute value is thus bounded by 

| P 2 [X(H A ) = Xj] — p(xj, A) I P Xi [W R{Xi/) < H+ , X(W R(xa) ) = z] . 

Since d(x a , Xb) > 21 + 1, a ^ b, the set of vertices z at distance t + 1 from Xi is disjoint from A. Hence, 
by the first part of the proof, the sum over j ^= i of this expression is bounded above by 

2ve(xi) max (2~ L + P z [W A < Lt mix ]\ 

for every L > 1. This proves the lemma. □ 
Denote by D(f) the Dirichlet form of a function / : V R: 

x£Vy~x bv ' x 

For disjoint subsets A and B of V, denote by cap(A, B) the capacity between A and B: 

cap(A,B) = inf D(/) , 

where the infimum is carried over all functions / : V — > R such that f(x) = 1 for x E A, f(y) = 0, y € £?. 
Let <? : V — > [0, 1] be given by 

g A , B {x) = P X [H A < H B ] ■ 

It is a known fact that 

cap(AB) = D(^,s) = Yl "(v) W v X P vl H z < H l\ ■ (3-2) 

Note that we may replace in the above identity Hb, H\ by H^, Hj[, respectively 

Take a set A d V composed of M points which are far apart and let a; be a point in A. In the next 
lemma, we are going to estimate the probability p(x, A) = P n [Xk a = x]. This probability will be roughly 
proportional to deg(x)vi(x). Let us first introduce a normalizing constant. For I > 1 and a finite subset 
A of V, let 

T t (A) = teg(x)vt(x) . 



Lemma 3.2. Fix a subset A = {x\, . . . , xm} of V such that d(x a , xt,) > 21 + 1, a ^ b, for some I > 1. 

deg(aji)«£(xi) 



max 

KKM 



r<(A) 



< 2 max {2~ L + P 2 [H A < Lt mix }} . 



Proof. Fix 1 < i < M and let A t = A \ {xt}. Since T)(g {x . }M ) = D(l - g{ Xi y iAi ), by ([3T2 
deg(a; 4 )Px 1 [H^ < H+ ] = ^ deg(a;,)P x . [H Xi < H+ ] . 

On the other hand, since d(xi, Ai) > £, 

P^pBU, < H+] = E Xi [l{W R(xa) < W+}P HMR ^ e)) [W Ai < M Xi 

= E Xi |"l{Hjj( Xi) ^) < H+} (1 - PxfH^,,,)^ = Xi]) 



(3.3) 



Therefore, 



= E. r 



- v e (xi) [1 -p(xi,A)] 

i{w R(xiti) <m+}{p(xi,A) 



Since d(x a ,xt) > 2i + 1, we may replace in the previous expression X^^.^.^) by XQHr^ «). By the 
first assertion of Lemma 13.11 the absolute value of the difference inside braces is less than or equal to 
2 max 26i?(j4 ^){2~ L + P Z [M A < Lt mlx ]} for every L > 1. Hence, 

P K JH^ < H+] - v t (xi) [l-p(xi,A)] 



< 2vi( Xi ) max {2~ L + P Z [U A < Lt mix }\ 

for every L > 1. 

Similarly, from f|3 . 3[) one obtains that 

deg(xi)Px«[H^ <H+] - 

^ deg^E*. l{H fl(ayi<) < H+} P X ( fl ( aj „/)) [X H ^ = x t ] 

It follows from this identity and the previous argument that 

degfoJPsJlHU, < H+] - £deg( Xj)ve(xj)p(xi,A) 

< 2V(ieg(i J h(i 3 ) max {2' L + P Z [M A < Lt mix }} 

for all L > 1. 

The two previous estimates yield the bound 



(3.4) 



deg(x i )^(a; l )[l -p(x l ,A)} - ^ deg(x 3 )v e (xj )p(xj , A) 



M 



< 2 V deg(a?j)«i(a;i) max {2 _i + P Z [HU < «„]} . 

3=1 

To conclude the proof of the lemma, it remains to divide both sides of the inequality by T^A). 

4. Holding times of the trace process 



□ 



We present in this section a general result on Markov chains computing the time spent by this chain 
on a subset of the state space. This will be useful later in proving that the time spent by the walk on 
the shallow traps can be disregarded. 

Consider an irreducible continuous-time Markov process {X t : t > 0} on a finite state space V. Denote 
by {W x : x £ V} the mean of the exponential waiting times, by v the unique stationary probability 
measure, and by {tj : j > 0} the sequence of jump times. 

Denote by P x , x £ V, the probability measure on the path space D(M.+ ,V) induced by the Markov 
process X t starting from x. Expectation with respect to P^ is represented by E x . For a probability 
measure fi on V, let P M = J2 x ev ^{x)P x - 
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Fix a set A C V and let U be a stopping time such that for all x E A, 



P*[n < U) = 1 , P X [JJ AW > f/] = 1 , E x [[/]<oo. 

£/ = H R (a is the example to keep in mind, where £ is chosen so that d(x, y) > 2£ + 1 for all x ^ y € A. 
Let Sa — U + Ha ° #[/ be the hitting time of the set A after time U . Denote by v(x) the probability 
that starting from x the stopping time U occurs before the process returns to x: v(x) = P X [U < H£], 
which should be understood as an escape probability. 

Let Dk, k > 0, be the time of the fc-th return to A after escaping: Dq = 0, D\ = Sa, Dk+i = 
Dk + Sa° &D k , k > 1. Clearly, if X$ belongs to A, {Xo k ■ k > 0} is a discrete time Markov chain on A. 
On the other hand, by assumption E x [£>i] = E X [U + Ha ° Ojj] is finite. 

Lemma 4.1. The Markov chain {X]j k : k > 0} is irreducible. Moreover, for every / : V — > M, 



lim \ f(X t )dt = ^p(^)E 2 



z£A 



f{X t )dt 



P \,-almost surely, where p is the unique stationary state of the discrete time chain {Xo k '■ k > 0}. 

Proof. We first prove the irreducibility of the chain {Xu k : k > 0}. Fix x, y E A and consider a self- 
avoiding path xo = x, . . . , x n = y such that the discrete-time Markov chain associated to the Markov 
process X t jumps from Xi to x^+i, < i < n, with positive probability. Such path exists by the 
irreducibility of X t . Let Xj be the first state in the sequence xi,...,x n which belongs to A. Since 

Px[-ffA\W > U] = 1, 



Pi [X 



,•] > 



X 



Di 



Xj , Z\ 



Xl, 



Xu+H A oei, — Xj , U < H A \{x] , Zi = xi, . . . , Zj — Xj 



where {Z n : n > 0} is the discrete-time jump chain associated to the process {X t : t > 0}. Since U > n, 



on the event {^i 
thus equal to 



aci, . 



= Xj} C\ {U < Ha\{ x }}, U + Ha o Ojj = Tj. The previous probability is 



X T . = Xj , Z\ 



Xl, 



,Z, 



P x [Zi 



Xl, 



Repeating this argument for the subsequent states in the sequence x\ 
prove that the chain Xo k is irreducible. 
Fix a function / : V — > K. Clearly, 



, Zj = Xj] > . 

, . . . , x n which belong to A, we 



D k 



f(X t ) dt 



x£A j=0 



k-1 f D } 



f{X t ) dt 1{X D] = X} 



For x G A, let Kf = min{j > : X D] = x}, K* +1 = min{j > K% : X D] = x}, n > 1, and let 
L'l = < k : Xuj = x}. With this notation, we can rewrite the previous sum as 



Li 



x£A n=l 



Ok-- 



i£i k n=l J D K* 



f{X t )dt. 



By the irreducibility of the chain Xo k , for each x £ A, L^jk converges a.s. as k j" oo to p(x). Moreover, 



for each x, the variables J, 



D K *,D h 



f(X t )dt, n > 1, are independent and identically distributed. 



Hence, since L5 f oo, by the law of large numbers, P„-almost surely, 



lim — 

k— s-oo L\ 



Li 

E 



f(x t )dt 



E, 



-Di 



f(X t )dt 



The lemma follows from the two previous convergences. 



□ 



Proposition 4.2. The unique stationary state p of the discrete-time Markov chain {Xo k '■ k > 0} 
satisfies 

v{x) v(x) W" 1 



p(x) =v(x)v(x)W- 1 E p {D 1 



(4.1) 



Moreover, for every g : V 



^2 v ( x ) v i x ) W' 1 E x / g(X t )dt =Y,9{x)u{x). 



Proof. Applying Lemma l4.il to / = 1, wc obtain that P^-almost surely 



lim — — = lira — 

k— >oo k k— >oo k 



dt = E p [l>i] . 



(4.2) 



(4.3) 



By Lemma f4. II with, f (y) = l{y = x} , we get that P^-almost surely 



lim ■ 

k— >oo k Jq 



D, 



l{X t = x}dt = p{x) E 2 



Di 



l{X t = x} dt 



because starting from y ^ x, the process does not visit x before time D\. In particular, all terms on the 
right-hand side in the statement of Lemma 14. II but the one z = x, vanish. On the other hand, dividing 
and multiplying the expression on the left-hand side of the previous equation by we obtain by the 
ergodic theorem and by (|4.3[) that 



E p [£>i] v{x) = p(x)E x 



l{X t = x} dt 



(4.4) 



The time spent at x before D\ is the time spent at x before U which is a geometric sum of independent 
exponential times. The success probability of the geometric is v(x) and the mean of the exponential 
distributions is W x . Hence, the right-hand side of the previous formula is equal to p(x)W x /v(x). This 
proves the first identity in (|4.1I) . To derive the second identity, note that E p [Z?i] does not depend on x, 
and it is therefore only a normalizing constant to make p into a probability distribution. 
By the ergodic theorem, for every g : V — > R, 



lim — 

fc->OC D k Jq 



g(X t )dt = Y,g(x)v(o 



x<EV 



To conclude the proof of the proposition, it remains to show that the left hand side of this expression is 
equal to the left-hand side of (|4.2[) . To this end, we will use the previous lemma. 
For a function g : V — >• R, by Lemma T4. II for / = g and (|4.3[) . we get 



lim — 

fe^oo Dk Jq 



g(X t )dt = lim 



g(X t )dt = 



1 



fe^oo Dk k 

To conclude the proof of the proposition, it suffices to use (|4.1D . 
Corollary 4.3. We have that 



-E, 



g(x t ) dt 



□ 



E p [W x /v{x)} 

i - v{y \ A) 



Furthermore, for any function g : V 



E, 



g(X t )dt = E v \g\^ P [Di\ 



Proof. We can write 





- r D i - 








/ dt 


= E P 
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l{X t G A}dt 



l{X t A}dt 



By the same reasoning as below (|4.4j) . wc conclude that the first expectation in the sum above equals 
E p [W x /v (x)] . To evaluate the second expectation, we use Proposition ^. 21 with g = 1{V\A} to conclude 
that 



E, 



l{X t A}dt = V P [D{\ V {V\A) . 



Putting together the above equations, we conclude the proof of the first assertion of the corollary. 

The second claim follows from the first identity in (|4.ip and from (|4.2p . □ 



5. Topology 



We define in this section a topology on the space of locally constant functions, where our main con- 
vergence will take place. 

Fix T > 0. For any non-empty set F C [0, T] and any S > define the ball B(F, S) by 

B{F,5) = |J{ S e M; \t-s\<5}. (5.1) 

t€F 

When F is a singleton {t}, we simply write B(t, 6) instead of B({t}, 6). For any function / : [0, T] — > R 
and any point t <G [0, T], we say that / is locally constant at t if there exists S > such that / is constant 
in B(t, S). Define the open set 

= {te [0, T] ; / is locally constant in t}, (5.2) 

and let T)(f) be the closed set T>(f) = C(/) c . Let A denote the Lebesgue measure in [0,T] and denote 
by 3Jl the space of locally constant functions: 

OT := {/ : [0, T] R ; A(D(/)) = 0} . (5.3) 

We say that two locally constant functions / and g £ 9Tto are equivalent, / ~ g, if f(t) = g(t) for any 
t € C(/) n 6(g). Note that / = g almost everywhere if / ~ g. 

Lemma 5.1. The relation ~ is an equivalence relation in 9Jto- 

Proof. The relation ~ is clearly reflexive and symmetric. To prove that it is also transitive, fix three 
functions /, g and h in DJlo such that / ~ g and g ~ /i. Fix £ € C(/) n C(h). Since t is a point where 
both / and h are locally constant, / and h are constant in a neighborhood of t. As / = g almost surely 
and h = g almost surely, we must have that f(t) = h{t). □ 

Let 9Tt = 9JTo / ~ and make the space DJl into a metric space by introducing the distance 

Mf,9) = A j% iT]) i^-aWoo^+HA)} , (5.4) 

where 23([0,T]) is the set of Borel subsets of [0,T], and |j/ — 5||cxj,A<: stands for the supremum norm of 
f — g restricted to A c . 

Lemma 5.2. The distance dx is well defined and it introduces a metric in 9JI. 

Proof. Since T)(h) has measure zero for any h £ 9Jto, in the formula defining the distance dx we can 
restrict the infimum to those sets A whose complement A c is contained in C(/) H C(g). 

To see that dr is well defined, note that replacing / by some /' ~ / does not alter the value of 
drif, g), according to the previous remark. Symmetry of dx is also clear. 

Now suppose that dr{f,g) = 0. To prove that f = g in 50?, i.e., that / ~ g, we need to show 
that f{t) = g{t) for all t E 6(/) n 6(g). Fix such point t and note that / and g are constant on a 
neighborhood Bit) of t. Taking e < A(.B(t)), since drif,g) = 0, we can find a set A t in 23([0,T]) such 
that ||/ - g\\oo,A c t + H A e) < e- Therefore, B(t) so that \f(t) - g(t)\ < e. Since this holds for 

arbitrary e > 0, fit) = git), as we wanted to prove. 

Finally, to prove the triangular inequality, consider three functions /, g and h in DJl. For e > 0, let 
A e , B e be sets in £([0, T]) such that 

d T {f,g) > \\f-g\\oo, Ai + A(A) - e, 
dxi9,h) > ||5-/i||oo,s= + A(B e ) - e. 

Since for any set £ in B([0,T]), ||/ - /i||oo,_e < ||/ - fflloc.B + - /i||oo,b, 

dr(/,/i) < ||/-/i||oo,^nB| + A(A e U B e ) < d T (f,g) + d T (g,h) + 2e . 

Since e is arbitrary, dr is a metric. □ 

The space 971 is separable with respect to the metric dx, but it is not complete. On the one hand, the 
set of piecewise constant functions for which the jump points and the range are in a dense countable set 
is dense in DJl. On the other hand, the function f(t) = t which does not belong to 9JT can be arbitrarily 
approximated in the distance dx by functions in DJl. 
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Among all elements of an equivalence class, we choose one representative as follows. For each element 
/ of Mq, let / : [0, T) -> K be given by 

f{t) = \{ liminf/(a)+limsup/( a )} . (5.5) 

»ee(/) see(/) 

When liminf s _ ) . t . s ee(/) /(s) = — °o and limsupg^gge^s f{s) = +00, we set f{t) = 0. 

Clearly, / = / on C(/) so that D{f) C D(f), where inclusion may be strict. In particular, / belongs 
to the equivalence class of /: / ~ f '. 



Lemma 5.3. We have that 



Umsup/(s) = limsup<7(s) 

s— H s— >t 

see(/) see(g) 



whenever f ~ g, with a similar identity if we replace limsup by liminf . In particular, f = g if f ~ g 
and equation (|5-5[) distinguishes a unique representative for each equivalence class of 9Jt. 

Proof. Consider two functions f,gm the same equivalence class of 9Jt. It is enough to show that 

limsup/(s) < limsupg(s) and liminf/(s) > liminf g(s) . 

see(f) see(g) *ee(/) «ee(s) 

We prove the first inequality, the derivation of the second one being similar. There exists a sequence 
{ s j '■ j > 1} such that Sj € C(/), him,- Sj = t, 

limsup /(s) = lim f(sj) . 
»ee(/) 

Since Sj belongs to C(/), / is constant in an interval (sj — e,Sj + e) and therefore in the interval 
Ij = (sj — e, Sj + e) n (sj — (1/j), Sj + (1/j)). Of course, Ij C C(/). As T>(g) has Lebesgue measure 0, 
C(g)Dlj 0. Take an element s'j of this latter set. Since Ij is contained in C(/), s'^ belongs to C(/)nC(g) 
so that g(s'j) = f{s'j)- Moreover, since / is constant in Ij and Sj, s'j belong to Ij, f(sj) = f(s'j). On the 
hand, liim,- s'j = t because Sj converges to t and \s'j — Sj\ < {1/j). Hence, 

lim f{sj) = lim g(s') < limsup(7(s) , 

see(g) 

which proves the lemma. □ 

From now on when considering an equivalence class in DJl, we always refer to the representative defined 
by (|5.5p . For example, ||/||oo. / G £DT, whose value may be different for two distinct functions in 9Jto 
belonging to the same equivalence class, means in reality H/Hoo- 

In order to obtain a compactness criterion in 3JI, we introduce the following modulus of continuity. 
For a measurable function / : [0, T] — > R and S > 0, let 

u s {f) = A{B{V{f),6)) . 

The modulus of continuity cos{f) converges to as <5 — > if and only if / belongs to 9Jt . We extend this 
definition to the space 9Jt. For an equivalence class / € £Dt, let 

u 5 {f) = A{B{V{f),S)) . 

Lemma 15.31 ensures that the modulus of continuity is well defined, i.e., that ujg{f) = <-< J 6{g) if / and g 
belong to the same equivalence class, because / = g. 

Proposition 5.4. A subset J C 9Jt is sequentially precompact with respect to dr if 

SU P ll/lloo < 00 and limsupw^/) = 0. (5.6) 
fe'j ^"/eJ 

Proof. For / G 5F, define £ s f {t) = dist(t, B{T){f),5) c ). Since i) is 1-Lipschitz for any / g 0JI and any 6 > 0, 
the family f g J} is equicontinuous. Fix a sequence f n in ^ and a sequence {(S m : m > 1} of positive 
numbers such that lim m 5 m — 0. Since sup^ gg r ||/||oo < o°i by a standard Cantor diagonal argument, we 
can extract a subsequence, still denoted by /„, for which, as n f 00, £ S jT converges uniformly to some 
function £ Sm for every m, and f n {t) converges to some limit F{t) for any rational t in [0,T]. 



Let e m = limsupjj^jx, u/s m (f n )- By (|5.6p . lim m e m = 0. Since i s p converges uniformly to £ Sm and 
since {£ s f ™ ^0}=B(V(f n ),5 m ), 

A{£ 5 ™ t^O) < limsupA(f)™ t^O) = limsup ui Sm (f n ) = e m . (5.7) 

n—>oo n—>oo 

We claim that for every t G [0, T] such that f 5 "' (i) = for some m > 1, there exist a neighborhood 
iV(t) of i and an integer no > 1 for which F is constant on N(t) n Q and / n (i) is constant on AT(i) for 
7i > no. We postpone the proof of this claim. 

As lim m e TO = 0, by (|5.7p lim m A(^ l5m ^ 0) = 0. There exists therefore a subsequence {m(j) : j > 1} 
such that £\ A^^O' 7^ 0) < 00. Let A = n fc >i Uf>*. {^eo ^ 0} so that A(A) = 0. If t belongs to the 
set A c , which has full measure, £ S ™U) (t) = for some j . By the conclusions of the previous paragraph, 
there exist a neighborhood N(t) of t and an integer no > 1 for which F is constant on N(t) H Q and 
/„(<:) is constant on iV(i) for n > tiq. 

In view of the previous result we may define a function F : [0,T] — >• M which vanishes on the set A, 
and which on each element t of the set A c is locally constant with value given by the value of F on a 
rational point close to t. In particular, A c C C(i 71 ) which ensures that F belongs to VJIq. Moreover, it 
follows from the convergence of /„ to F on the rationals that f n (t) converges to F(t). Since the set A 
has Lebesgue measure 0, /„ converges almost surely to F. Therefore, by Egoroff theorem, /„ converges 
to F with respect to the metric dx- 

To conclude the proof of the proposition, it remains to verify the assertion assumed in the beginning 
of the argument. Fix t £ [0,T] and suppose that £ Sm (t) = for some m > 1. In this case, since 
£f™{t) converges to £ 5m (t) = 0, lim„ dist(t, B(T)(f n ), 5 m ) c ) = 0. Take a point t„ in the compact set 
B(D(f n ),S m ) c realizing this distance to conclude that there exists a sequence t n converging to t for 
which £ 5 f™(t n ) = 0. As £ S jT(t„) = 0, /„ is constant in the interval (t n — 5 m ,t„ + 5 m ). Therefore, the 

functions /„ are constant in a neighborhood N(t) of t for n large enough. Since f n converges on the 
rationals to F, we conclude, as claimed, that F is constant in N(t) D Q. □ 

Another topology which can be defined in the space 971 corresponds to the projection of the Skorohod's 
M2 topology, which is generated by the Hausdorff distance between the graphs of the functions. For two 
equivalence classes / and g in 9JT, define the distance d T (/, g) by 

4 2) (/,.«?) := d H (T f -,T- g ) , (5.8) 

where /, g are the representative of the equivalence class of /, g, 

T f= U {*) x [liminf /(s), limsup /(s)] , 
te[o,T] 

and dtf is the Hausdorff distance. 

Recall the definition of the modulus of continuity ujs(f) and note that u>s(f) > 28 unless / is constant. 
Denote by B(f;r), B^(f;r) the ball of center / and radius r with respect to the metric dx, \ 
respectively. 

Lemma 5.5. For any equivalence class f G 9Jt and any 5 > 0, 

B i2) (f;S) C B(f;S + uj2s(f)) ■ 
Proof. Fix / G 27t, S > and g G B (2) (/; <*)• By definition of d T , 

d T (gJ) = d T (g,f) < \\f - 9\L, B (v(f),2S)° + A ( S ( D (/). 2<S )) 

= ll/-.9!loc,B(D(/),25)- + Wa«(/)- 

In order to evaluate the first term above, fix t ^ B( r D(f),28) so that / is constant in B(t,25). In 
particular, Ty C E = [0,i-2<5] x 1U [0,T] x {/(i)} U [t + 2S,T] x R. Since d { ^\g,f) = d (2) (gj) < 6, 
by definition of the Hausdorff distance, 

6 > dist((t,g(t)), T f ) > dist((i, g(t)) , S) = 25 A |/(t) - g(t)\ ■ 

This implies that \ f(t) — g(t)\ < S for every t ^ B(D(f), 26), which finishes the proof of the lemma. □ 
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Consider a sequence {Y n : 1 < n < 00} of real- valued stochastic processes defined on some probability 
space (0,3^ P). Assume that the trajectories of each Y„, 1 < n < 00, belong to 9Jto P-almost surely. 
This is the case, for instance, of continuous-time Markov chains taking values on a countable subset of 
K. 

Theorem 5.6. Fix T > 0. // d>^'{Y n , Y^) converges to in probability as n \ 00, then ^(Y^Yoo) 
converges to in probability as n j" 00. 

Proof. It is enough to show that for each e > 0, lim„^oo P[g?t(Y„, Y^) > 2e] = 0. Fix S < e so that the 
previous probability is bounded by P[dTiY n , Y^) > e + 5]. This latter probability is in turn less than or 
equal to 

PiMY^Yco) >e + S,(J 2S (Yoo) < e] + P^s^) > e] . 
Since Y^o has trajectories in DJIq P-almost surely, the second term vanishes as 6 I 0. The first one 

is bounded by P[dr(in,3^») > 5 + u>2*(ioo)] which by the previous lemma is less than or equal to 

(2) 

P[d T (Y„, Yoo) > S}. By assumption, this term vanishes as n j" 00. □ 

Assume that in the probability space (Q, GF, P) introduced before the statement of the previous theorem 
is also defined a sequence {X n : 1 < n < 00} of real-valued stochastic processes whose trajectories belong 
to 9Jto P-almost surely. 

(2) 

Corollary 5.7. Fix T > 0. If both dT\X n , Y n ) and d T (Y n , Yoo) converge to zero in probability as n j" 00, 
then dT(X n , Yxj) also converges to zero in probability asnfoo. 

6. Main result 

We prove in this section that under certain assumptions the continuous time Markov process , 
introduced in Section^ is close, in an appropriate time scale and with respect to the topology introduced 
in Section [5l to a simple random walk Y t N which only visits the set An of the deepest traps and which 
has identically distributed jump probabilities: pn(x,v) = Pn(u), x, y £ Apf. For such result we need, 
roughly speaking, the set of deepest traps An 

• to support most of the stationary measure v. 

• to consist of well separated points, 

• to be unlikely to be hit in a short time, 

• to have comparable escape probabilities from different points. 

The main result presented below holds in a more general context than the one described in Section [5J 
We suppose throughout this section that {Gn '■ N > 1} is a sequence of finite, connected, vertex-weighted 
graphs, where {W^ : x £ Vn} represents the positive weights. The vertices of Vn are enumerated in 
decreasing order of weights, V N = {xf , . . . , > W* +1 , 1 < j < \V N \ - 1. 

Denote by Xf the Markov process on Vn with generator given by (|I.2[) . We do not assume that the 
depths are chosen according to but we impose some conditions presented below in (A0)-(A3). 

We write in this section Jjy t 00 to represent an increasing sequence of natural numbers {J/v : N > 1} 
such that limjv->oo Jn = 00. To keep notation simple, we sometimes omit the dependence on N of states, 
measures and sets. 

Recall that v = i/jv, defined in (|2.ip . is the stationary measure of the random walk X^. Assume 
that v{B N ) vanishes asymptotically for any sequence of subsets Bn = {x± , . . . ,Xj} C Vn such that 
J N t 00: 

lim v N {B N ) = . (AO) 

N— s-oo 

Fix three sequences Mn t 00 : t 00 an d Ln t 00 : Mn < \Vn\- The sequence Mn represents the 
number of deep traps selected, and In a lower bound on the minimal distance among these deepest traps. 
We formulate three assumptions on these sequences. Let An = {x^ , . . . , x^f N } be the set of the deepest 
traps. We first require the deepest traps to be well separated: 

d(x?,xf) > 2£ N + 1 , 1 < * ^ j < M N (Al) 

for all N large enough. This condition, which is analogous to condition (|B1|1 . ensures that any path 
{xf = zq, Zi, . . . , z m — Xj 1 } from xf to x 1 ^ has a state Zk which belongs to R(An, (-n)- 

The second assumption is somehow related to (|B3j) and requires, as explained below, the different 
escape probabilities v x , x G An, to have similar order of magnitude. For a subset B of Vjv, let vb be 

13 



the measure v conditioned on B: 

. . W? deg(x) 

Expectation with respect to vb is denoted by i?^ . 

We suppose that there exists a sequence {Pn : N > 1} such that for any sequence of subsets Bn 
{xi , . . . , Xj} C An such that \Bn\ = Jn t 00 



lim sup _E„ B 

jV->oo 



ir 



TV 



f3 N v t {x) 



< 00 , lim sup — — - £;„ B 



PNVt(x) 



< 00 . (A2) 



This hypothesis postulates essentially a law of large numbers for deg(xj) vi(xj) and a bound for the sum 
of {W^Aeg{ Xj )/v t { Xj ). 

In analogy with (|B2[) . we will also assume that the hitting time of An is much smaller than the mixing 
time of the discrete-time random walk on Gn ■ For L > 1 let 

n N = k(L,M n ,£ n ) = max max Pf \W X < Lt^] . (6.1) 

x£A N z£B(x,£ N ) 

Assume that for some sequence Ln j" 00 , 

lim M% n N = , lim Ml T Ln = . (A3) 

N— yoo TV— >oo 

Remark 6.1. Consider three sequences Mn t 00 > t 00 a7l <^ £jv t 00 satisfying (A0)-(A2) and such 
that 

lim k(L n ,M n ,£ n ) = 0. (6.2) 

Then, there exists a sequence M' N f oo ; M' N < Mn, for which the three sequence M' N , £jy } Ln satisfy 
(A0)-(A3). 



Indeed, it follows from (|6.2[) and the fact that Ln t 00 that there exists a sequence K n j" 00 such 
that limAf^oo if^ 2~ iiv = 0, limjv->-oo -Kjv k {^n, Mn, In) = 0. Define a new sequence by M' N = 
min{Mj\r, Kn} and define A' N accordingly. Since A' N C An and k'^ < kn, (AO)— (A3) hold for the 
sequences M' N , £n, Ln- 

Hence, in the applications, if one is able to prove f|6 . 2[) . one can redefine the sequence Mn to obtain 
(A3) which is the condition assumed in the main result of this section. Moreover, if a sequence Mn 
satisfies conditions (Al), (A2), (|6.2p . then any sequence M' N f 00 which increases to infinity with N at 
a slower pace than Mn, M' N < Mn, also satisfies these three conditions. The same observation holds for 
the sequence Ln- Hence, in the applications, both sequences shall increase very slowly to infinity, in a 
way that (A3) is fulfilled, and all the problem rests on the identification of a convenient space scale £n, 
large for the process to mix before returning to a state, as required in condition (|6.2p . but not too large, 
to permit a good description of a ball of radius £n and a good estimate of the escape probability vg(x). 

Let pN be the probability measure on the set An given by 

PN{Xj) - r= -. — -, — > — j — 7 , (p.6) 

where vi(xj) = v^ N (xj) is the escape probability introduced in (|3.1[) . By (|2.1[) . pn can also be written as 

Pn{x 3 ) = — 3 , (6.4) 

T,l<i<M N V{Xi)Vl{Xi)W Xi 

which corresponds to (|4.ip with U = H R ^ AN lN y 

For each JV > 1, consider the continuous-time Markov process {Y t N : t > 0} on An defined as follows. 
While at x G An the process waits a mean Wj? /ve(x) exponential time at the end of which it jumps 
to y <G An with probability pn(u)- Note that the jump distribution is independent of the current state 
and that the process may jump to its current state since we did not impose y to be different from x. 
Moreover, the probability measure v N (x)/v N (An) is the (reversible) stationary state of the Markov 
chain {Y t N : t > 0}. 

We are now in a position to state the main result of this paper, from which we will deduce Thcorems l2.ll 
andl2~2"l 
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Theorem 6.2. Suppose that conditions (A0)-(A3) are in force. Then, for every N > 1, there exists a 
coupling Qn between the stationary, continuous-time Markov chain {Yp Nt : t > 0} described above, and 
the Markov chain {X¥ t : t > 0} such that Qn[Xq — Y N = y] = p(y), y £ An, and 

lim^QNlMX^Y^.) > S] = 

for every T > and S > 0, where dx stands for the distance introduced in (|5.4[) . 
Corollary 6.3. Consider a sequence {z N : N > 1}, z N S A/v, swc/i i/iai 

liminfpjvO^) > . 

TV— ^oo 

The statement of Theorem ] 6. S\ remains in force if in the assumptions we replace the property Qn[X^ = 
Y N =y}= p{y), y e A N , by the property Q N [X^ = Y N = z N ] = 1. 

Proof. The assertion of this corollary follows from Theorem 16.21 by conditioning on the event X$ = 



Theorem 16.21 follows from Lemmas 16.41 16.51 and Proposition 16.61 below. Theorem 16.21 asserts that the 
process X^ Nt is close to the process Y^ Nt which jumps at rate (3NVe(x)/W^ . If this latter expression 
is not of order one. the asymptotic behavior of Y^ ft will not be meaningful and our approximation of 
Xp Nt by Yp Nt devoid of interest. Hence, in the applications we expect 



P 



N 



vt{x 3 ) 



Lemma 6.4. Assume that hypotheses (A0)-(A3) are in force. Then, there exists a subset Bn 



, x^ N } C An such that, 



lim kn M 



P 



N 



N- 



N 



E, 



v e (x) 



= 



JV 



lim v(B c N ) = , 



lim sup — 



P 



N 



v e (x) 



y(A c N )p{B N ) = 



(6.5) 

(6.6) 
(6.7) 



Proof. We start proving (|6.5[) . By definition of the probability measure pn this expression is equal to 



P N v e (x) 



This term vanishes as N f oo in view of (A3) and (A2) with Bn = An- 

By (AO), v{A c N ) vanishes as N f oo. There exists, therefore, a sequence Km t 00 such that 



K N u{A%) = 0. Let B N = {xf , . 



■Jn 



}, where Jn = min{Mjv, Kn} so that \Bn\u(A n ) — > 0. 



lim 

The second assertion of the lemma follows from assumption (AO) because Jn t 00 ■ Moreover, as 



Pn E p 



v e (x) 



p(B 



N 



< E„ 



by (A2) and by definition of the set Bn, we have that 

Pn 



lim sup — 

jv-s-oo e 



v e (x) 



v{A c N )p{B N ) < C ]imswp\B N \u{A c N ) = 



N-too 



for some finite constant. This concludes the proof of the lemma. 



□ 
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Lemma 6.5. Assume that conditions (A2), (A3), (|6.5[) - ([6.7[) are in force. Then, there exists a sequence 
{K N : N > 1} such that 



lim K N M N 2 



-L, 



N- 







lim 



N- 



K N u{V N \A N ) 
Pnv{A n ) 



E 



lim Kn M N kn 
= 0, 



N 



0. 



lim ^E, 

N-^oo f3 N 



vt{x) 



vt{x) 
l{x £ B N } 



lim 



N- 



N- 



K N v{V N \ A N ) 
/3 N v(A N ) 

wl 

LVt(x) 



E,. 



w, 



vt(x) 



0, 

P(B N ) = , 



lim — — E 



(6.9) 
(6.10) 
(6.11) 
(6.12) 



Proof. In view of (A3), there exists a sequence ipN t 00 such that ipN M N 2 Ln , tpN M N kn vanish as 
N j" oo. We may choose this sequence ipN so that the limits in (|6.5p and (|6.6p still hold when multiplied 



by ipN, as well as the one in (|6.7|) when multiplied by ip N - Given this sequence ipN, 



let 



A" 



N 



E, 



v e {x) 



l/j N f3 N E v 



vi(x) 



Conditions (|6.8p follow the definition of tpN and from (A2), while condition 
since Bn Q An. To verify (|6.10|) . it is enough to remember that p(x)W^ f vi(x)~ 1 
(|6.6p . Condition (|6.11[) follows from assumptions (|6.7p . (|6.6p and the definition of Kn- Finally, condition 
(|6.12p requires tpN to diverge. □ 



follows from (|6.6p 
j/(x) and to recall 



Proposition 6.6. Suppose that conditions (Al), (A2), (|6.8|) (|6 . 1 2[) are in force. Then, for every N > 1, 
there exists a coupling Qn between the stationary, continuous-time Markov chain {Y^ ft : t > 0} on An 
with mean Wf? / 0NVe(x) exponential times and uniform jump probabilities pn(x, y) = pn(u), x, V G An , 
and the Markov chain {X^ t : t > 0} such that Qn[Xq = Y^] = p(y), y <E An, and 



lim 



Q N [dr(X^.,Y^.) > 5] = 



for every T > and S > 0, where dr stands for the distance introduced in (15. 4p . 

Proof. Recall the definition of the sequence of stopping times {Dk : k > 0} introduced in Section [4] 
with U = H R (A N £ N y Since by (Al) R{An,^n) ^ and since the state space is finite and irreducible, 
E x [t/] < oo for all x £ A. It also follows from assumption (Al) that P x [EIa\{x} > U 
Therefore, by Lemma |4~T1 and Proposition [ 
unique stationary state is the measure p defined in (|6.3p . 

We start the construction of the measure Qn by coupling the discrete skeleton of the chain Y t N with 
the chain X^ k , and by coupling the waiting times of the chain Y t N with the times spent by X^ at each 
site of A n • It follows from Lemma I3T21 which presents an estimate of the distance between the measure 
p and the measure p{ ■ , A), from Lemma 13. II and from the strong Markov property at time Hr(a,i) that 



1 for all x e A. 

the discrete-time Markov chain I„ is irreducible and its 



SUP \\Vy[XZ x 



P(-)\ 



TV 



< (M n + 1)(2- Lk + M n k n ) 



(6.13) 



Let ctq = and denote by {o~i : i > 1} the jump times of the chain Y t , including among these 



jumps the ones to the same site. We couple the initial state Xq and Yq so that Qn[Xq 



-AT 



Yo N ] 



1, 



Qn[Xq = x] = p{x), xei. As is distributed according to p, by f|6.13[) we can couple and Y^ 
in a way that they coincide with probability at least 1 — a at. Moreover, conditioned on X^. = x, the 
number of visits of X^ to the point x between times Di and Di+\ is a geometric random variable with 
success probability V(.{x), so that 

/ = x} dt 

J[Di,D i+1 ) 

is an exponential random variable with expectation W x /vi{x), This is also the distribution of the time 
that Y t N spends in x. Proceeding by induction and using the strong Markov property at times Di (for 

16 



X?) and a, (for Yf 
Qn 



vN 



1 / 
(Ti 



we obtain a coupling Qn between X^ and Y t N such that 

yjy,/^; +1 i{x? = xg f }dt 

for every < i < Kn 

Denote the event appearing in the previous formula 



> 1 - K N a N , 



where Kn is the sequence introduced in Lemma 
by S. By 



iV 



lim q n [S c ] = 



3.14) 



We claim that the coupling Qn defined above satisfies the statement of the theorem. To estimate 
the distance between the processes X^ and Y t N , we introduce a third process X^ close to in the 
distance dr- Following [2J, consider the process X^ defined by 

X t N = X N (sup{s < t : X? G A N }) . (6.15) 

The (non-Markovian) process X^ indicates the last site in An visited by X^ before time t. We adopt 
for X£* the same convention agreed for the process Y t N and consider that the process X^ jumped from 
y G An to y at time t' if the process X t w being at y at time s < t', reached R(An,() and then returned 
to y at time t' before hitting another site z G An \ {y}- With this convention, the jump times of the 
process X^ are exactly the stopping times {Di : i > 1}. 
We assert that for every T > and 5 > 0, 



lim P p [d T (Xg N .,X» N .)>6] 

iv — > oo 



Fix T > and 5 > 0. By definition of the process X N , 
Therefore, 

1 



1{X? 







A N }dt . 



(6.16) 



P p [d T (Xl.,Xl.)>6] < 



p N s Ep 



W £ ^jv} d* + P p [D Kn < f3 N T] 



Let us define 



D,, 



l{X t N i A N }dt = D Kn - a Kh 



This quantity will appear a couple of times in the computations below. By (|6.18|) . V p [Dk n < PnT\ 
vanishes as N j" oo because ck n < Dk n ■ On the other hand, by definition of the process X^ and by 
stationarity, 

1 „ , Kn 



:E p [A 



/?at<5 pn 
By Corollary 14.31 the previous expression equals 

K N 



iy N (V N \A N )'E P [D 1 



1{X? <£A N }dt 

K n vn{Vn \ A N ) 
/3 n vn(A n )S 



W. 



N 



v t (x) 



(6.17) 



By (|6.9|) . this expression vanishes as N j" oo. This proves (|6.16l) . 



Now we turn into the estimation of the distance between X^ and Y t 



N 



On the event 9, the first K 



N 



jumps of the processes XJ* and Y t N are the same, and the process Y t N is always "ahead of" Xf in the 
sense that X^ spends more time at each site than Y t N . We need to show that the delay between Xf* 
and Y t N is small. Let Bn = {%i , ■ • • , acjJJ-, } C be the set appearing in conditions (|6.10j) and (|6.11l) . 

N 

and let 91 jy be the number of times the process Y N visits Bn before <Jk n - 

VIn := #{j < K N : Y» G B N } . 
Denote by Si the event S n {(j Kn > PnT}. Since we have that ^(1^,7^.) = /3^ 1 rf /3jv r(X. Ar , F w ), 



on the set g 1; d T (*&., < (3 



, K N 

) < —Y 



- n (X N ,Y N ). Therefore, on the set S u 

Kn r cri 

l{Y t N ^X t N }dt 



< — / 1{Y» £B N }dt 

PN Jo 



1 K N 



N 
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We claim that each integral in the second term of the previous sum is bounded by A^r. Indeed, the total 
delay of the process X^ with respect to the process Y t N in the interval [0, <tk n ] is Dk n — o~k n — Ajv- On 
the other hand, either the length of time interval [<Jj—i, Cj] is bounded by A^r, in which case the claim is 
trivial, or the length is greater than A^y. In this latter situation, since the total delay between Y and X 
in the interval [0, <7k n ] is A^r, — <Jj-i < A^r for 1 < j < Kpr. Hence, in the interval [o^-i + A^r, <jj) 
we have that X t =Y t . This proves our assertion. In conclusion, if one recalls the definition of €Ttjv, on 
the set Si, 



MxI.,y£ 



Pn Jo 



n 



B N }dt + -^-A N m N 

PN 



In conclusion, 



) N [d T (Xl.,Y».)>5] 



/3 N S 



Q 



N 



l{Y t N i B N }dt + Q N [A N m N > (1/2)^] 



The first term vanishes as N f oo by (|6.14[) and (|6.18j) . By Tchebyshev and Cauchy-Schwarz inequalities, 
P[ZW > 5} = P[y/ZW > VS}< {8- 1 E[Z]E[W}) 1 / 2 for any pair of nonncgative random variables Z, W. 
Therefore, the sum of the second and third terms is bounded by 



Pn6 tjp 



W N 

^f-l{xiB N ] 

vt(x) 



l2Q N [A N ]Q N [M 



N 



8(3, 



N 



Since Qjvptjv] = Knp{Bn), by (|6.17[) this expression is less than or equal to 

xW? 



Pn5 P 



vi{x) 



l{x i B N } 



I 2K% v(V N \A N ) 
[3 N 8 v{A N ) 



E„ 



v t (x) 



P{B N ) 



By assumptions (|6.10|) and (|6.11[) , this expression vanishes as N oo. 
To conclude the proof of the theorem it remains to show that 

lim Q N [<7 Kn < /3 N T] = . 

iv— ►oo 

For any random variable Z and any T > such that E[Z] > 2T, by Tchcbychcff inequality we have that 

4Var(Z) 



(6.18) 



Note that 



Qn [<Jk„ 



P[Z < T] < 



ve(x) 



E[Z} 2 

Va,T QN (a KN ) < 2K N E p 



and that, by assumption (|6.12p . I<nE p [W^ /vg(x)] > 2(3nT for N sufficiently large. By the previous 
elementary inequality, 

2n 



Qn[<j Kn < PnT] < 



8E C 



(wl_\ 

\v e (x)J 



< 



K N E P 



v e (x) 





\( w» > 

\vt(x) ) 


2-i 


K N E p 


vi (x) 


PnE p 


' w$ 1 

v e {x) 



By assumption (|6.12[) . the first term of this expression vanishes as N j" oo. The second one is equal to 



E„ 



l(3 N v e (x) 

By (A2) this expression is bounded uniformly in N. This concludes the proof of 18[) and the one of 
Proposition 16. 61 □ 

In the previous proposition, instead of starting from the stationary measure p^, we may also start 
from any state z N , provided its asymptotic p^r-measure does not vanish with N, as in the hypothesis of 
Corollary [O] 

The following remark will be important when proving Theorem [ 



Remark 6.7. Assumption (AO) has only been used in Lemma \6.4\ to prove the existence of a sequence 
of subsets Bn satisfying (|6.6p . (|6.7|) . In particular, Theorem 1 6'. £1 remains in force if hypothesis (AO) is 
replaced by the existence of a sequence In < Mn, In t °°; f or which Bm = {x± , . . . x^ N } satisfies (|6.6p 
and such that 

lim \B N \v N {A c N ) = 0. (6.19) 

N— >-oo 



7. A-PROCESSES 



We introduce in this section A"-processes, a class of strong Markov processes on N = N U {00} with 
one fictitious state. We refer to [IB] for historical remarks and to [2H] for a detailed presentation and the 
proofs omitted here. The main result of this section presents sufficient conditions for the convergence of 
a sequence of finite-state Markov processes to a if -process. 

Throughout this section we fix two sequences of positive real numbers {u k ■ k £ N} and {Z k : k £ N}. 
The first sequence represents the 'entrance measure' and the second one the 'hopping times' of the 
A'-process. The only assumption we make over these sequences is that 

Z k u k < co. (7.1) 

fceN 

However, the process will be more interesting in the case 

^ u k = 00 . (7.2) 

ken 

If this sum is finite, the A-process associated to the sequences u k and Z k corresponds to a Markov 
process on N with no fictitious state. 

Consider the set N of non- negative integers with an extra point denoted by 00. We endow this set 
with the metric induced by the isomctry : N — > R which sends n G N to l/n and 00 to 0. This makes 
the set N into a compact metric space. We use the notation dist(x, y) = \4>(y) — 4>i x )\ f° r this metric. 

For each k £ N, define independent Poisson process {JV t : t > 0} with jump rate given by u k . 
Denote by erf, i > 1, the time of the i-th jump performed by the process iV t . Independently from the 
Poisson processes, let {To, Xf; k £ N, i > 1} be a collection of mean one independent exponential random 
variables. 

Let Zoo = and for y £ N consider the process 

N t 

ry(t) = z y T + J2z k J2 T "- 

fceN i=l 

Define the A'-proccss with parameter (Z k ,u k ), starting from y as follows 

if < t < Z y T , 

X y (t) = ^ k if ry(crf-) < t < r !/ (crf ) for some i > 1 and (7.3) 
otherwise. 

Note that X v (0) = y almost surely if y £ N, and even in the case y = 00 if (|7.2I) holds. We summarize 
in the next result the main properties of the process X\. Its proof can be found in [53] or adapted from 
[TS] where the case in which u k = 1 for all k > 1 is examined. Recall that we denote by Ha the hitting 
time of a set A and that Z^ = 0. 

Theorem 7.1. For any y £ N, the process {X v (t) : t > 0} is a strong Markov process on N with 
right- continuous paths with left limits. Being at k £ N, the process waits a mean Z k exponential time at 
the end of which it jumps to 00. For any finite subset A ofN, Ha is a.s. finite and 

P[X"(H A )=j] = , jeA. 

l^ieA u i 

We investigate in this section the convergence of a sequence of Markov processes in finite state spaces 
towards the process X y (t). Let {Mm : N > 1} be a sequence of integers such that Mm f 00, and consider 
the sequences of positive real numbers 

u% , Zj* , l<k<M N , N>1. (7.4) 
In analogy with (|7.3p . we define processes X N {t) with 'entrance measure' given by and 'hopping 
times' given by Zff . For N > 1, let T^, T t Ntk , N t N ' k and erf 1 < k < M N , i > 1, be defined as above 
and write 

M N N?'0 

rUt) = Z^T N +X>f £ If ' fc , for 1 < y < M N 

k=l i=l 



and 



X y (t) _\y ifo<t<^, 

XnW -\k if r^(crf fe -) < t < T« N (a?' k ) for some i > 1. (7 ' 5) 
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One can easily see that the process is a continuous-time cadlag, Markov chain over {1, . . . , M/v}. 
The order in which the points {1, . . . , Mjv} are visited by Xfj, after the starting position, is given by 
the order of the times cr i ' . From this fact we can conclude that the law of is characterized by the 
following properties: 

• The state space is {1, . . . , Mat} and the process starts from y almost surely, 

• The process Xf^ remains at any site k an exponential time with mean Z k , after which it jumps 

N /ST n.N 



to a site j with probability / J^i 



W; 



and that 



l<i<M A 

Remark 7.2. Note that the dynamics of the process X^ does not change if one replaces the vector 
{u k ■ 1 < k < M/v} by the vector {^NU k : 1 < k < Mat} for some 7jv > 0. In particular, when applying 
the theorem below we may multiply the sequence vJ£ by a constant 7jv to ensure the convergence of^f^u^ 

to life. 

The main result of this section is stated below. Recall from [15], (5.2) the definition of the Skorohod's 
J 1 topology. 

Theorem 7.3. Assume that for every k £ N 

lim (Zj?,u%) = (Z k ,u k ) (7.6) 

N— >oo 

lim lim sup Z? u% = . 

k—rn 

Then, for any given y 6 N, X V N converges weakly, as N j" 00, towards X y in the Skorohod's J\ topology. 

Proof. The proof is a modification of the one of Lemma 3.11 in [T5]. We first couple the Poisson point 
processes used to define T V N and T y . In some probability space (Ft, A, Q) we construct a collection 
{N k : k £ N} of Poisson point processes in K + x R + with respect to the Lebesgue measure. Let N k (u, t) 
be the number of points falling in the rectangle [0,t] x [0, it]. For fixed k £ N and u > 0, N k (u, ■) 
is distributed as a Poisson counting process with rate u. Define T v and T V N as before, but using these 
coupled arrival processes, with corresponding intensities u k and . Moreover, we also use the same 
jump clocks {T k : k £ N, i > 1} in their constructions. 

Fix an integer m £ N and denote by {5™ : i > 1} the arrival times of the process A^ 1 (mi, • ) + 
N 2 (u 2 , •) + •••+ N m (u m , ■ ), with SU l = 0. Fix T > and let 

L™ = inf{« > 1; r^(5f) > T for every TV > 1}. 

numbers the above infimum is finite. 

Since the sequence {u k ■ k £ N} is not summable, there exists a random integer m' large enough so 
that almost surely 

N k (u k ,sr +1 -) 

Z k Y, T / >0 > i = 0,...,I%, (7.7) 

k=m+l j=N k (u k ,S™) 

where f(s— ) stands for the left limit at s of a cadlag function /. 

Since u k converges to u k , almost surely there exists N(m) such that 

N k (u%,t) = N k {u k ,t) (7.8) 

for all 1 < k < to, < t < S*™ m and all N > N(m). By possibly increasing N(m) we can also assume 
that, 

N k (u?,S") ,-) 



Since (Z^ \uf) converges to (Z\,u\) and since T v N (s) > Xa<i<jvi(u N s ) ^i^ii by the law of large 



inf V Z% Y T k > , i = 0, . . . , L™ . (7.9) 

N>N(rn) ^ K ^ 3 V 

'fc=m+l j=N k (u£,S? > ) 

It follows from (|7.8p that the arrival times 5™ are the same for the process X v and X^. Furthermore, 
by (|7.7|). (|7.9I) . on each interval (Sf 1 , Sl+i) there is at least one arrival of a Poisson process N k (u k , ■) 
for some k > m and one arrival for a Poisson process N k (u^ , •) for some k > m. In particular, in the 
time interval [H^Sf*), r«(S*™ j-)) (resp. [r^(5"), r] v (S*™ : -))), < i < the process X y (resp. 
-Xjy) performs an excursion in the set {1, . . . , m} c , while on each time interval [T v (Si — ),T y (Si)) (resp. 
[rjy(5i — ), r^(iSj))), 1 < i < , the processes X y and Xjy sit on the same site of {1, . . . , to}. 
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For N > N(m), define the time changes A™ : [0, T v N (Sf m )] -> R+ by 

Z„ 



= jwt for 0<t<Z^T 



v 



For < i < L™ — 1 , let 



1 ' " r^(^ 1 -)-r^(^) [ ' 

py / cm \ py / cm \ 

\mf + \ _ -ny/qm \ . / r, -pj/ /cm 

A N\ l ) - 1 J F y /-cm \ pFTcm \ L 1 J-JVWi+l" 

In view of our previous discussion, 



asm = r»(sr) + r ,; c r ; ^Vc^ ^-^^D] 

and let 

ifr^(^ 1 -)<i<r^(s™ 1 



if r^(5f ) < « < r&OSfti-) and let 

1 JVWi+l-' i JV l > J i+l / 



dist(X a (A^(i)),^W) < (1 +m)~ 1 , for every t < T. (7.10) 

Indeed, whenever X y (A^(t)) differs from X^(t), they are both above to, and the diameter of the set 
{m + 1, m + 2, . . . } under dist(-, •) is given by (m + 

We claim that A^J is close to the identity: for any 5 > 0, 



lim limsup Q 



sup |A#(t) -t| >* =0. (7.11) 

0<t<T 



To prove this claim, fix to > 1 and note that 

sup |A#(t) - t| < n max {^(5™) - V |r* ($?*-) - r^(5™-)|} 



0<t<T 

By construction, the right hand side is bounded above by 

\Z^ Z y \T + J^\ Z k Z k \ Yl T , 



k 
j 

k=l 3 = 1 



(7.12) 



OO v L T Mn v k L T 

+ E z * E ^+ E ^ E • 

fc=m+l j — 1 fc=m+l i=l 

For each fixed to, the first two terms vanish almost surely as ./V goes to infinity. To estimate the other 
two terms note that LV£ > that S™+l x < S%m and that N k , {Tf : j > 1} are independent of Sf™ 

for k > to. In particular, for k > to and u > 0, 

N k (u,S$n) 

M E T f\ = uE q[ s %?] < uE q[sIJ ■ 

3 = 1 

Last expectation is bounded because is defined through a Poisson process. Therefore, as Z^u^ 

is summable in k, the third term in (|7.12[) . which does not depend on N, has finite expectation and 
converges to zero almost surely and in L X (Q) as m tends to infinity. Similarly, 



k—m+1 j=l fc>m+l 



E ^ E < E ■ 



By assumption, this expression vanishes as iV j" oo and then mfoo, This proves that (|7.1ip holds in 
fact in ^(Q). 

As a consequence of (|7.1ip . one can extract a sequence to at growing slowly enough such that 
sup |A^ N — t\ converges to zero in probability as N t °o . 

0<t<T 

This, together with (|7.10|) provides the two conditions of Proposition 5.3 (c) in [15]. Hence, Xjj converges 
in probability to X v in the Skorohod's Ji topology as N tends to infinity. □ 



8. Scaling limit of trap models 

In this section we join the results of the last three sections to establish the asymptotic behaviour of 
random walks on vertex- weighted graphs. 

Throughout this section, we restrict our attention to weights given by an i.i.d. sequence of random 
variables in the basin of attraction of an a-stable distribution, as in ([l.ip . Let us first collect some con- 
sequences of this choice of random variables. In particular we obtain the convergence of the environment 
to a limiting distribution. 

Recall that a G (0, 1) is the parameter of the stable distribution. Let A be the measure on R x (0, oo) 
given by A = aw~^ 1+a ^ dx dw. Denote by {(zi,Wi) £ R x (0,oo) : i > 1} the marks of a Poisson point 
process of intensity A independent of the sequence of graphs {Gjv : N > 1} and defined on a probability 
space (Q', jF', P). Define the random measure £ on R by 

C = X>i**«, (8-1) 

i>l 

and let £ t = £((0, t]), t > 0, be the ^-measure of the interval (0, t]. Let F : [0, oo) — > [0, oo) be defined by 

P[Ci > F(t)\ = V[W? >t], t > . 

The function F is non-decreasing and right-continuous. Denote its right- continuous generalized inverse 
by F- 1 and let 

ff = F-^V^lCi/v - C(i-i)/v]) , 1 < » < V . (8.2) 
Denote by , 1 < i < V, the sequence in decreasing order: t,- = for some permutation a of 
{1,...,V} and rf >r^. 

By [ini Proposition 3.1], {r/^ : 1 < i < V} has the same distribution as {W^ : x G Vn}- Therefore, 
(ti , . . . ,Ty) has the same distribution as (W N N , . . . , W N ). Moreover, since Vat = | Vjv | - > oo P-almost 
surely, the same result implies that (P x P)-almost surely, 

lim V | cyrf -Wj\ = , (8.3) 

where W = {w^ : i > 1} represents the weights in decreasing order of the measure ( restricted to [0, 1]: 
wi = max{wi : z,; G [0, 1]} , 

w j+ i = ma,x{wi : m G [0, 1] , w t g {wi, Wj}} , j > 1 , 8 ' 



and {ck : k > 1} is the sequence defined by (J2T 

Recall the definition of the function introduced just before the statement of Theorem 12. II 

Theorem 8.1. Let Gn = {Vn,En) be a sequence of finite vertex-weighted graphs fulfilling assumptions 
(A0)-(A2) for some sequences Mjy, In- Assume, furthermore, that there exist sequences Ln j" oo, 
{[3 N : N > 1} and {7^ : N > 1} such that 

lim k(L n ,M n ,£ n ) = 0, (8.5) 



JV- 



id such that 



J lm ( ~a ' ^ N M x j) deg(a; J ) = {Zj,Uj) , for all j > 1 , 

N— s-oo \ ppjViyXj ) / 



M N W N 



(8.6) 



lim lim sup ) j— j N v e (xj) deg(xj) = 

j—m 



Suppose, finally, that ^n(Xq) converges weakly to k G N. Then, for every T > 0, t/ie Markov chain 



e 



{'J N{Xp Nt ) '■ < t < T} converges to the K-process with parameters (Zj,Uj) starting from k, in th 
topology introduced in Section [31 

Proof. Repeating the arguments presented below (|6.2[) . we obtain a new sequence M' N for which (A3) 
holds, as well as (|8.6[) with M' N instead of Mn- Denote this new sequence by Mjv- Under assumptions 



(A0)-(A3), Theorem lG . 2l furnishes a coupling between the random walk Xff Nt and a Markov process YF t 
on {1, ... , Mn} whose dT-distance converges to in probability. In view of Remark 17.21 and by Theorem 
17.31 under conditions (|8.6[) . the Markov process Yp Nt converges to the if -process with parameters (Zj,Uj) 
in the Skorohod's J\ topology. By Skorohod's representation theorem, there exists a probability space 
in which this convergence take place almost surely. It remains to apply Corollary 15.71 □ 



In view of Remark 16.71 we may replace condition (AO) by assumptions (|6.6p and (|6.19[) . 

Theorem 8.2. Let Gn = (Vn,En) be a sequence of finite vertex-weighted graphs fulfilling assumptions 
(A1)-(A3) for some sequences Mn, £n, Ln- Assume that there exists a sequence of subsets Bn = 
{x^, . . . , xf }, In < Mjf, In t °°; satisfying (|6.6[) . (|6.19p . Suppose, furthermore, that condition (JHTBJ) 
is in force and that ^^(X^) converges weakly to k £ N. Then, for every T > 0, the Markov chain 
{^n(X^ n1 .) : < t < T} converges to the K-process with parameters (Zj,Uj) starting from k, in the 
topology introduced in Section^ 

Proof. By Remark 16.71 there exists a coupling between the random walk X^ Nt and a Markov process 
Yg^ t on {1, . . . , Mjv} whose dy-distance converges to in probability. By Theorem l7.3l under conditions 
(|8.6p . the Markov process Y^ t converges to the isT-process with parameters (Zj,Uj) in the Skorohod's J\ 
topology. By Skorohod representation theorem, there exists a probability space in which this convergence 
take place almost surely. It remains to apply Corollary 15. 71 □ 



9. Pseudo-transitive graphs 



We prove in this section Theorem 12. 1[ inspired by Theorem 18.21 and we apply this result to some 
pseudo-transitive graphs. The assumptions (A1)-(A3), (|6.6p , (|6.19[) , (|8.6[) simplify in this context 
because the degree and the escape probability from the deep traps do not depend on the specific vertex. 

Proof of Theorem \2.1\ . Fix an increasing sequence In and a sequence of pseudo-transitive graphs Gn 
with respect to the sequence £n- We first derive some consequences of assumptions (B0)-(B2) and 
(EH). 

It follows from these hypotheses that there exists an increasing sequence Mn t 00 such that 

|£(?,2M|- 



lim M N E 



N- 



0, lim M N ¥[(f,B( h e N ))^(t),B(t),e N ))] 

N— too 



, 



lim M% E 

JV->OD 



sup Py [Hj < L N t mix ] 



= 0, 



lim Ml 2 







V 1 

N 



Y 2 
N 



where we replaced (i,B{%,i N )) ^ fo,B(Xf,£ N )) by B(f,£ N ) ^ B(t),£ N ). 
Let S^r , 1 < j < 3 be the events 

p| {B(xf,£ N )n B(xf,£ N ) = 0}, 

l<i^j<M N 
M N 

= f] {(x?,B(x?,£ N )) = (xf,B(xf,£ N ))} , 

\m n max sup P y [W x n < L N t mix ] < M^} . 

In the places where the vertices of the graph appear, as in the definition of the set S]y, the sequence 
Mn obtained above has to be replaced by min{Mjv, Vjv}, where Yn stands for the number of vertices 
of the random graph Gn- It is easy to see that all three events have probability asymptotically equal to 
one. We prove this assertion for "E N and leave to the reader the proof for the other two. By definition, 
P[(E^) C ] is bounded above by 



y3 
N 



l<i=£j<M N 



'[B( x ?,e N )nB(xy,i N )¥=0] < M N w[B{x?,£N)nB(x$,eN)^0] 



because 



. X 



N 



is uniformly distributed. By this same reason, conditioning on , we obtain that 



the right-hand side is equal to 



M N E 



B{x?,2t N )\-l 



Vjv-1 

which vanishes as N f oo in view of the definition of the sequence Mn 
there exists a deterministic sequence In t In < Mn, such that Invn{A c n ) converges to in 



Let An = {x^ , . . . , x^ N }. By hypothesis (BO), vn{A c n ) converges to in P-probability. In particular, 



probability. Let B 



N 



{x{ 



N 



j }. Since In t °°! by hypothesis (BO), vn(B c n ) converges to in 



-probability. Therefore, there exists a sequence ejv 4 for which 



lim 

N-KX 



v N (B c N ) + I n vn{A c n ) > e N 
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Let E^ = {v N {B%) + I N v N (A%) < e N }. 

We turn now into the proof of the theorem which relies on Theorem 18.21 Recall the definition of the 
random weights f^, 1 < j < Vjv, introduced at the beginning of Section [51 Since {t^ : 1 < j < V^y} has 
the same distribution as {Wj* : 1 < j < N}, we may replace the latter random weights by the former 
and assume that the random walk evolves among random traps with depth Tj instead of W^.. 

To show that the pair (cvt n , ^n(XJJ 3n )) converges weakly to (w, K t ), it is enough to show that any 
subsequence {Nj : j > 1} possesses a sub-subsequence n such that (c n r n , ^(X"^)) converges to (w, K t ). 
Fix, therefore, a subsequence Nj. 

By (|8.3[) . the ordered sequence {cn^t^ 3 , . . . , cjv^Ty 3 ) converges almost surely in L 1 (N) to w = {w\,w%, . . .). 
This proves the weak convergence of the first coordinate. Let Ejy^ = flix/s^E^-.. There exists a sub- 
subsequence, denoted by n, for which 



\ u n 

no>l n.>n.Q 



= i . 

We affirm that all assumptions of Theorem 18.21 hold on the set U„ >i n n > nn E n . Indeed, recall that 
Pn 1 = Cn^Ji"). Condition (Al) follows from the definition of the set E*. On the set the escape 
probabilities ve(xj) and the degrees deg(x") are all the same for 1 < j < M n . In particular, by definition 
of the sequence j3 n , condition (A2) becomes 



lim sup — - — ? < oo , lim sup -, < oo . 

CnTj 



Z_rj = l J £-13 = 1 



for all sequences J n such that J n < M n , J n t 00. Since the sequence r" is decreasing, the first ratio 
is bounded by c n r", and these bounds are a consequence of (|8.3I) . Condition (A3) follows from the 
definition of the sequence Mjv and from the definition of the set E^. Conditions (|6.6[) . (|6.19|) follow from 
the definition of the set E*. Finally, on the set E^, vt{x*j) deg(x"), 1 < j < M n , is constant and the 
hypotheses (|8.6[) with j n — \vi(x\) dcg(x1)}^ 1 and (Zj,Uj) = (iVj, 1) follow from (|8.3|) . This proves the 
affirmation. 

We may now apply Theorem 18.21 to conclude that the Markov chain ^ n (XS t ) converges to the K- 
process with parameters (Wj, 1) starting from k, in the topology introduced in Section[3J This concludes 
the proof of Theorem HU " □ 



We conclude this section with some examples of graphs satisfying the assumptions of Theorem 12.11 

9.1. Hypercube. We prove in this subsection the convergence of the trap model on the n-dimensional 
hypercube towards the if-process associated to constant entrance measure. This result has been estab- 
lished in [T7] under the stronger Skorohod's J\ topology with a different approach. Here we give a proof 
as an application of Theorem 12.11 

Let N = 2", n > 1, and let Gn be the n-dimensional hypercube {0, 1}" with edges connecting any 
two points that differ by only one coordinate. By estimate (6.15) in [35], t^ ix <C n 2 . 

Proposition 9.1. The assumptions of Theorem \2.1\ are in force for the hypercube Gn with In — 
log 2 (iV)/10 = n/10. 

Proof. Since the graph is transitive, condition (|2.7[) is satisfied and (BO) follows from (|8.3[) . To estimate 
the ratio in (|B1[) note that \B(0, 2fjv)|/Vjv is equal to the probability that the sum of n Bcrnoulli(l/2) 
independent random variables is less than or equal to 2£n = n/5. By the law of large numbers, this 
probability vanishes as n t 00. 

To show that (IB 2 1) is in force, we could compare the distance d(0,X t ) with an Ehrenfest's urn, see 
[251 Section 2.3], and proceed with a calculation based on a birth and death chain. For simplicity, we 
give instead a reference implying the result. By Lemmas 3.6 (i) and 3.2 (i) of [10], with m(N) = N 2 and 
a = 1, there exists a finite constant Co independent of n such that 

sup P,[H <n 2 ] < C (n 2 /N+ ( " ) n 1/2 log(n)) 
y$B(o,e N ) v \n/WJ J 

< C (™7^+(10)- ,l/1 V /2 log(n)) , 
which vanishes as n \ 00, proving (|B2p . □ 
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To complete the description of the asymptotic behavior of the trap model on the hypercube, it re- 
mains to determine the time scale /3jy- By a computation based on a birth- and-death chain, the escape 
probability converges to 1 as TV t oo, and therefore limN Pn cn = !• 



9.2. Discrete torus for d > 2. In this subsection the graph Gn stands for the d-dimensional discrete 
torus T N = (Z/NZ) d , d>2, endowed with nearest neighbors edges. By [25j Theorem 5.5], 

Cc < CoTV 2 (9.1) 

for some Co = Co(d). This constant may change from line to line, but will only depend on d. 

We proved in [23 t na t m this context the trap model converges to the -FT-process. The next proposition 
shows that this result follows from Theorem 12. II 



Proposition 9.2. The assumptions of Theorem \2.1\ are in force for the d- dimensional torus Gjv with 




log 1 / 4 N 



log 2 TV d > 3 , 
log 1/4 TV d = 2. 



Proof. Since the graph is transitive, condition (|2.7I) is satisfied and (BO) follows from (|8.3[) . On the 
other hand, assumption (Bl) is clearly in force by definition of In- It remains to check hypothesis (B2). 
Recall the definition of the sequence Ln. The case d > 3 follows directly from Lemma 3.1 of [3T], and we 
focus on the case d = 2. Fix x <G T N and z B(x, In)- If II stands for the canonical projection from 1? 
to T N and 7 ' z for the probability corresponding to the symmetric nearest neighbor discrete time random 
walk on Z 2 , 

P 2 [H X < Ljv^mix] — J > z[Hn-l(x) < ^A^mix] ■ 

We may bound the previous probability by 

^PsO.JVlog 1 / 4 N)" < L N t mix\ + y]^z\^Xi < L Nt^ ix ] , (9.2) 

i 

where the sum is performed over all sites X{ in the pre-image of x which belong to the ball B(z, N log 1 / 4 TV) . 

The first term can be bounded using the estimate (|9.1[) for the mixing time and an exponential Doob 
inequality since each component of the random walk is a martingale. This argument shows that the first 
term is bounded by 4exp{— a log 1 / 4 TV} for some a > 0. Since there are no more than Co%/logTV terms 
in the sum, the second expression in the previous decomposition is bounded above 



CoVlogTVTop, < L N t 



N . l 

mixJ 7 



where x is a site at distance £n from the origin. Decomposing this probability according to whether the 
random walk reached the ball with radius TV log 1 / 4 TV before time CqN 2 log 1 / 4 TV or not, and recalling 
the argument employed to bound the first term in (|9.2[) , we conclude that the previous expression is 
bounded by 

C 0V ^oiTVe- alogl/4jv + C ov /iogTVD'o[H :c <H B(0jiVlogl/ 4 JV)(! ] 

for some finite constant Co and some positive a. By |23l Proposition 1.6.7] and the reversibility of the 
random walk, the second term is less than or equal to 



CovloiTvfl lQ g^ /4 +-^-) < Co log- 1 / 4 TV, 

V log(TVlog 1/4 TV) log 2 N) ~ 

which proves condition (B2). □ 



To complete the description of the asymptotic behavior of the trap model on the discrete torus T^-, 
it remains to determine the time scale Let Vd, d > 3, be the escape probability of a simple random 
walk on Z d , and let 

_ Jc" 1 (2/tt) log(TV) d = 2, 
[c lKl v d d>3. 

In view of the definition of (5n and of [231 Theorem 1.6.6], limjv^oo Pn/P'n = 1- 
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9.3. Random d-regular graphs. In this subsection we consider a sequence of graphs Gn with TV 
vertices satisfying the following three assumptions. 
(Gl) Gn is d-regular for some d > 3; 

(G2) There is a constant a > such that for any vertex x of Vat, the ball B(x, a log TV) contains at 
most one cycle; 

(G3) The spectral gap Ajv of the continuous time random walk on Gn is bounded below by some 

positive constant: Ajv > 7 > for all N > 1. 
It follows from [TTJ Remark 1.4] that these three hypotheses hold, with probability approaching 1 as 
TV j" oo, for a sequence of random <i-rcgular graphs on TV vertices. They are also satisfied by the so-called 
Lubotzky-Phillips-Sarnak graphs |26j . 

By [50] p. 328, under conditions (Gl) and (G3), the mixing time t^ ix is bounded above by Co log TV 
for some finite constant Co- 

Proposition 9.3. Let {Gn '■ TV > 1} be a sequence of random graphs defined on some probability 
space (f2, 5", P) satisfying the assumptions (G1)-(G3) with a ^-probability converging to 1 as TV j" oo. 
Then, the conditions of Theorem \2.1\ are fulfilled with Ln = log TV and £n — a' log TV for some a' < 
min{a, [21og(d— l)] -1 }, where a is the constant appearing in condition (G2). 

Proof. Condition (BO) follows from assumption (Gl) and (|8.3I) . The rest of the proof is based on 
estimates obtained in [IT] . 

By [TTJ Lemma 6.1] with A = £n, the probability that a ball B(x,£n) is not a tree is bounded by 
(d- !)-(«-«') i°gtf Let S w be the event 

Eat = {B(x^ , £n) and B(x^ ,£n) are disjoint trees} . (9-3) 

We claim that P[£jv] converges to 1 as TV f oo. Indeed, if Ejy stands for the event that B(x^ , £jv), 
B(x2 ,£n) are trees, in view of the estimate of the previous paragraph, P[£^] is bounded by 2(d — 
V)~( a ~ a > lo s N which vanishes as TV f oo. On the other hand, since \B(xi, r)| < 4(d — l) r for any ball in 
a d- regular graph and since x^ , are uniformly distributed, 

(d - 1) 21n 

P[%,4)nB(i 2 ,M/0] < 4^ — jl 

As a' < [2 \og(d— 1)] _1 , this expression vanishes as TV ^ oo. This proves the claim and assumption (|2.7I) . 
which clearly follows from the claim. Condition (Bl) is also in force because |S(xi,2^jv)| < 4(d— 1) N . 

It remains to examine the escape probability appearing in condition (B2). It follows from the bound 
for the mixing time presented just before the statement of the proposition and from our choice of the 
sequence Ln that 

P4H X < L N C iK ] < P Z [U X < Co(logTV) 2 ] . 

By [111 Lemma 3.4] with r = and s = a' log TV, the previous expression for z (jL B(x,£n), is bounded 
by CoN~ a for some finite constant Co and some positive a > 0. This concludes the proof of the 
proposition. □ 

We conclude this section computing the scaling factor /3/v in the context of graphs satisfying assump- 
tions (G1)-(G3). On the event (|9.3p . which has asymptotic probability equal to one, B(xi,£n) is a 
d-regular tree so that 

d-2/ 1 

vi N (xi) 



d-l\l- (d-l)- e » 
In particular, limAr_j. 00 (3nCn = {d— l)/(d— 2). 

10. Graphs with asymptotically random conductances 

We prove in this section Theorem 12.21 The proof follows the one of Theorem 12.11 However, the 
absence of regularity of the graph requires some extra effort in establishing (A2). 

Recall the coupling Qn defined in (|B3|) between the random graph Gn and the sequence of i.i.d. 
random vectors {(Dj,Ej) : j > 1}. We extend this coupling Qn to a coupling Q between all random 
graphs Gn and the sequence of i.i.d. random vectors {(Dj,Ej) : j > 1} using Qn as the conditional 
probability: 

Q[Gn = G\{(Dj,Ej) : j > 1}] = Q N [G N = G\{(D j ,E j ):j>l}], 
with the further condition that the graphs Gn, TV > 1, arc conditionally independent, given {(Dj,Ej) : 
j > 1}. Include in the probability space just defined the random measure £ introduced in (|8.1[) which 



is associated to the marks of a Poisson point process independent from the variables (Dj,Ej) and from 
the random graphs Gn- The probability measure on this new space is still denoted by Q. 

Recall the definition of the random weights fj, 1 < j < Vn, introduced in Section [5] Since {r^ : 
1 < j < Vjv} has the same distribution as {Wf : 1 < j < | Vat | } , we may replace the latter random 
weights by the former and assume that the random walk evolves among random traps with depth 
t? instead of W£. 

Since Wj is a.s. summable, since by (1B3[) D\jE\ has finite Q-expectation and since the sequences 
{wj} and {(Dj,Ej)} are independent, 

Wj — i- is Q-almost surely finite . (10-1) 

j>l ■? 

By the strong law of large numbers, almost surely 



1 " 



n 

3=1 



for all large enough n, where C\ — 2Eq[Di/ E{\. 

By hypotheses (|Bip - (|B3j) . there exists an increasing sequence Mn t 00 such that 

\Bfa2l N )\- 



lim M n Eq 

TV— s-oo 



= , lim Ml 2~ Ln = 

N->oo 



V/v 

lim Q[ max | Kfe)]" 1 -^1 > M 

I— too L l<7<Aijv 



JV-s-oo L 1<J<M. 

M N 



-2 







lim Q[ \J{deg( h ) ^ Dj}} = 0, 

3=1 

lim M^,£q[ sup Py[M r <L N t r 



= 



As before, in the places where the vertices of the graph appear, as in the definition of the set T, N , the 
sequence Mn obtained above has to be replaced by min{M/v, Vtv}, where Vat stands for the number of 
vertices of the random graph Gn- 
Let H J N , 1 < j < 4 be the events 

f| {B(x?,l N )nB(x?,l N )=0} , 

l<i=£j<M N 



{ 1 <^M^-^\<m n ^, 



y2 

!<3<Af 



A/jv 

X% = ft{deg(x?) = D j } 



3=1 

S^r = max sup P„ [W x n < L N t mix ] < M^ 1 } 



Similarly to what was done in the proof of Theorem 12. f I we can show that these events have probability 
asymptotically equal to one. In the places where the vertices of the graph appear, as in the definition 
of the set T, N , the sequence Mn obtained above has to be replaced by min{M/v, V/v}, where Vat stands 
for the number of vertices of the random graph Gat. 

By (|8.3[) . we may replace the sequence Mat by a possibly random increasing sequence M' N < min{A//Vj V/v}, 
M' N f co Q-a.s., still denoted by Mn, for which all the previous estimates hold and such that for all 
N>1, 

^Icyrf-^-l < M N 2 . (10.3) 

3>1 

By hypothesis (BO), even though the sequence Mn is random, the expectation E[ispj-({xf , . . . ,Xm n } c )] 
vanishes as N j" oo. Let An = {x^ , . . . , %m n }- As in the proof of Theorem 12.11 presented in the 
previous sections, using again hypothesis (BO) we construct a set Bn = {x 1 ^ , . . . , x^ N }, \Bn\ = In, and 
a sequence €n i for which 



lim Q 



vn(B c n ) + I N v N (A c N ) > e N 
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Let T, 5 N = {v N (B c N ) + Invn{A c n ) < e N }. 

To show that the pair (cyr N , n(XJ^ n )) converges weakly to (w, K t ), it is enough to show that any 
subsequence {Nj : j > 1} possesses a sub-subsequence n such that (c n r a , ^ n (X^o )) converges to (w, K t ). 

Fix, therefore, a subsequence Nj. By (|8.3|) . the ordered sequence (c/v^. r-^ 3 , . . . , c a^. r,^ 3 ) converges almost 
surely in L 1 (N) to w = (w\, W2, ■ • • )• This proves the weak convergence of the first coordinate. Let 
= ni<fe<5E^.. There exists a sub-subsequence, denoted by n, for which 



o[ u n ^ 

no>l n>no 

We affirm that all assumptions of Theorem 18.21 hold on the event U„ >i n„>n intersected with 
the ones in (|10.1j) . (|10.2[) and (|10.3[) . Indeed, condition (Al) follows from the definition of the set 
Similarly to the proof of Theorem 12.11 condition (A3) follows from the definitions of the sequence M n 
and the set E*. Conditions (|6.6[) . f|6. 19[> follow from the definition of the set E;j. 

We turn to condition (A2). Recall that j3 n = c" 1 . Fix a sequence J a f 00 such that J a < M n , and 
let B n = {xi, . . . , x"r }. Since we replaced the weights W\ by r n , the first expectation appearing in this 
hypothesis can be rewritten as 

^<j<j a CnTj* deg(^) 1 } 

By definition of the set E^ we may replace deg(a;") by Dj. Since r" is decreasing, by definition of the 
set E^r the numerator is bounded by 



1 



Ei 

j=\ 1 » j=l 



Ej M„ 2 



The second term divided by the denominator in (|10.4[) is less than or equal to c n T^M n 2 which goes to 
as n — > 00 in view of (|10.3[) . Also, by (|10.3p . the first term is bounded by 



nV- Dj „ 1 Dj 



Ej 1 M n l<j<J„ Ej 



Since the denominator in (|10.4[) is bounded below by c n r" D\ > c n r", the first condition in (A2) follows 

from mn . (TlTHi 

The second condition of assumption (A2) can be written as 

1 £!<,-< Jn degQc?) 

J n El<j<J„ CnTj deg(.T J n ) 

By definition of the set E^ we may replace deg(a;") by Dj. The sum in the denominator is bounded 
below by CnT^Di > c n T", which is uniformly bounded. Since the escape probability is bounded by one 
and since by (IB3[) Ej is bounded by one, the numerator is less than or equal to J2i<j<j (Dj/Ej), whose 
average by (|10.2j) is bounded. 

It remains to establish (|8.6[) with 7jv = 1, Zj = Wj/Ej and Uj = EjDj. The convergence of the first 
term follows from (|10.3[) . the definition of E 2 and E^ and the fact that the variables Ej are bounded by 
one. The second part of (|8.6p amounts to estimate 
M„ m„ M„ 

j—rn j—rn j—rn 11 

where the identity follows from the definition of E„ and the inequality from (|10.3[) and the boundedness 
of Ej. The first term on the right hand side vanishes in view of (|10.1[) and the second one by (|10.2D . 
This concludes the proof of the Theorem. 

11. Supercritical Erdos-Renyi random graphs 

We show in this section that super-critical Erdos-Rcny random graphs satisfy the assumptions of 
Theorem O Let f N be the set of vertices Tn = {1, . . .,N}. For A > 1 fixed, let {£ X)!/ : x, y G fjv} 
be i.i.d. Bcrnoulli(A/iV) random variables constructed in a probability space (fl,A,P). The Erdos- 
Renyi random graph is defined as Sfjy = ('^jv,<sjv), where $n is the random set of edges given by 
{{x, y}; £ Xi y = 1}. Throughout this section, Cj, Cj, j > 0, represent positive constants depending on A 



and sometimes on further parameters, the first ones being tipically small and the last ones large. Next 
result can be found in [n] Theorem 2.3.2]. 



Theorem 11.1. There is a constant cq such that with ¥ -probability converging to one as N tends to 
infinity, there is a unique component G max in {"Vni^n) with \Q m ax\ > CalogN. Moreover, there exists 
< Oa < 1 such that 

I Cma^l 

OA 



lim 



N 



> e 







for all e > 0. 



We will be interested in analyzing the trap model in C ma x, providing another interesting example 
for which our machinery can be applied. For the sake of simplicity we shall assume that the common 
distribution of the traps {Wj 1 ■ j > 1} is a-stable. More precisely, recall the definition of the variables 
rf, 1 < i < V, introduced in (JO| with V = N and F{t) = t. We assume in this section that Wf = f t N , 
1 < i < N. 

Let Vn = Gmax be the random set of vertices and let En = {{x,y} C Vn ■ {x,y} € S'n} be the 
random set of edges of the random graph Gn- In contrast with the previous examples presented in 
Section O the number of vertices of the random graph Gat is also random. The weights are distributed 
as follows. Given Vn, re-enumerate the weights Wj* , 1 < j < \Vn\, in decreasing order and denote by 
Wj* the new sequence, so that W^ > W^ +1 , 1 < j < \Vn\, W^-, = ^ or some permutation a of 
Vn- Randomly enumerate the vertices of Vat, obtaining a vector (a;^, . . . , %\y N \), and set W£h = Wf . 

Given this random vertex- weighted graph, we examine the continuous-time random walk on Gn 
with generator given by (|1.2[) . 

Note that to define the random weights Wj* = tj we divided the interval [0, 1] in N sub- intervals in- 
stead of dividing it in \Vn\ intervals. In particular, in contrast with the examples of Section^ N~ 1 / a W N N 

does not converge to a Frechet distribution, but so docs X>~^ 1 ' a N~ 1 / a W N N , where X>\ is given by Theorem 

nu 

In the rest of this section, we prove that the assumptions of Theorem 12.21 arc fulfilled. By Theorem 
111.11 the number of vertices converges in probability to +oo. To establish (|B0[) . fix a sequence Jn t 00 
and denote by , . . . , the sequence W^ , . . . , W$ enumerated in decreasing order. Note that 
Wj N > Wf, l<j< \V N \. By (|OJ) and ([2"%j) . for every e > 0, 



lim p[V IN'^Wf 



> e 

N 

J'>1 



= 



Since Ylj>j N w i varnsnes almost surely as N f oo, if T, N stands for the event Y^j>j N N 1 / a Wj N < 1, 

lim F\T,%] = 1 . 

Denote by the event {\V N - V X N\ < eN} for some < e < min{DA,l — Oa}- By Theorem 111.11 
P[S]y] — > 1. In conclusion, to prove (|B0[) we need to show that 

lim E[^({i 1 ,.., Imill{jB .| % | } } c )l{E° w nS;}] = 0. 

JV — >oo 

By definition of vn, and since all vertices in Vn have degree at least equal to one, 

VJV| TT/JV, 



v N {{xi, . . . ,x min{ j N ^ VN ^} c ) 



< 



Since Wf > Wf, 1 < j < \V N \, 



\V N \ \V N \ N 

W»deg(xj) < Yl *f degfo) < £ TUf deg( Xj ) , 
j=j N +i j=j N +i j=j N +i 

if x\y N \ + i, . . . ,xn represents a random enumeration of the vertices of 'Vn which do not belong to the 
largest component. On the set T, N , W^ > maxi<fc< CA jv , where c\ = V\ — e. This latter variable as 
well as the variables Wj depend only on the Poisson point process defined at the beginning of Section 
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8. Hence if we denote by 2U the tr-algebra generated by this process and let = E 1 ^ n £]y, we obtain 



that 



E^+i^degfe) i r glUy+i degfa) 



< E 



JV 

y - 

maxi< fc < CA iv j= ^ +1 



E[deg(^)l{£]v}|2XJ] 



We first estimate the conditional expectation and then the remaining expression. Since the law 
of the graph Sf/v is independent of the cr-algebra W, the previous conditional expectation is equal to 
E[deg(ajj) l{E]y}]. By construction if j < \Vn\, deg(xj) has the same distribution as deg(xfc) for 1 < 
k < \Vjsr\, with a similar fact if j > | Vjv | • Therefore, for a fixed j, the previous expectation is bounded 

by 



e<j-i 



e[i{\v n \=£}j^j E dc §(y)] + T l E [ 1 ^\ = £ }j E dc s(y) 

y£V N t>j yeV N 



where the sum is carried over all £ such that \£ — ti\N\ < eN. Estimating the denominators by the worst 
case, we get that the sum is less than or equal to 



y=l 



min{t)A - e, 1 - e - Ox} 

This expectation is equal to A. 

It remains to estimate the expectation involving the weights. On the set S^, J2j N +i<j<N^j N — 
TV 1 /". On the other hand, using the notation introduced in (|8.ip . maxi<fc< CA jv N^^W^ 1 > w(X), where 
w(X) = max.i u>i, and where the maximum is carried over all indices i such that Zi < c\. Hence, 



E 



N 



maxi<jt< CA jv 



E 



W N " J 

k ] = Jn + 1 



< E 



w{\) 



Since w' = w(\)/c^ a has a Frechet distribution, P(w' < t) = cxp{ — l/t a }, this expectation is finite, 



which proves condition (jBOl) . 

The results of this section should still hold if we require the variables W?* to belong to the domain of 
attraction of an a-stable law and to satisfy the bound 



lim sup 1 

AT— >oo 



[cat sup W, 

Ki<N 



where cjv has been introduced in (|2.8|) . 

To understand the asymptotic law of the escape probabilities, we need to introduce a related branching 
process. Let T be the random tree obtained by the Galton- Watson process with offspring distribution 
Poisson(A) and denote its law by CP. Since A is assumed to be greater than one, the event that T is 
infinite has positive CP-probability, O Theorem 2.1.4]. We denote by the root of T. 

We first show that the neighborhood of a random point in the Erdos-Renyi graph looks like the 
neighborhood of in T. This is made precise as follows. We write (x, G) for a graph with a marked 
vertex x. We say that (a;, G) is isometric to (x', G') if there exists an isometry between G and G' , sending 
a; to a;'. As an abuse of notation, we consider A C y N both as a set of vertices and as the corresponding 
induced subgraph of Sfjv ■ 

Proposition 11.2. Let < 7 < (31ogA) _1 . There exist constants C\ and Nq — iVo(A, 7) such that 
given a random point z £ Yjy, we can find a coupling Qn between the random graph Sf/y under P and the 
Galton- Watson tree T under CP such that for all N > Nq, 



Q 



N 



(z, BO, 7 log AT)) is isometric to (0,5(0, 7 log AT)) > l-Ci7V 37logA 



Proof. We follow an argument similar to the one in [T?J Section 2.2]. Assume, without loss of generality, 
that z = 1 and define an exploration of the cluster Ci containing 1 in the following way. Let So = 
{2,3, ... ,N}, Iq = {1} and Rq = 0. These sets represent respectively the 'susceptible', the 'infected' 
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and the 'removed' sites. Define a discrete time evolution by 

Rt+i = Rt u hi 

I t+ i = {y e S t ;£x,v = 1 for some ir e h}, 
St+i = St\ It+i- 

Note that the cluster Si is given by U^l 1 It and that B(l,r) = Uj =1 J t . 

In order to couple the above exploration process with a Galton- Watson branching process, we introduce 
a new set of independent Bernoulli(A/iV) random variables (I y , t > 1, x > 1, 1 < y < N. Let Zq = 1 
and 

;V+.Z t -|.r t | AT 

^+i = E^+ E E EC- ( 1L1 ) 

k£J 4 xel ( x=JV+l y=l 

aes f yey N \s t 

The first term in the above sum can be written as \It+i\ + Ct+i, where Ct+i represents the number of 
'collisions' occurring in the exploration process, that is, individuals in It+\ connected to more than one 
individual in I t . The second term stands for the 'immigrants' introduced to compensate the fact that 
| St | < N, and the third term for children of individuals that are not in I t . 

It is easy to check that the process {Z t : t > 0} is a branching process with offspring distribution 
Binomial(AT, X/N). Let T' be the random tree associated with Z t . More precisely, if x is the i-th 
individual in the t-th. generation of T', the number of offsprings of x will be given by 

Saes f €ai,v + Y, v er N \s t Cl, y if i < \It\, 
J2y=i C, y otherwise. 

It is immediate to check that Z t is the size of the t-th. generation of T' and that Z t > \I t \. 

On the event Z s = \I S \, 1 < s < t, there were no collisions and no immigrants. Therefore, in this 
event the subgraph (1, B(l,t)) of ?f/v is isometric to the subgraph (0, B(0,t)) of 7'. Hence, by pHl 
Theorem 2.2.2] with t = ^logN, there exist a constant C\ < oo and a coupling Q 1 between and 7' 
such that with probability at least 1 - diV 27 ' 06 A ~\ (l,B(l,t)) is isometric to (0,B(0,t)). 

Claim A: Let < 7 < (31ogA) _1 . There exist uq and a coupling Q" between the tree T' with 
Binomial(-AT, X/N) offsprings and the tree T with Poisson(A) offsprings, such that, with probability at 
least I - CiiV 37logA ~ 1 , (0, £(0,7 log AT)) (in 7') is isometric to (0, B(0, 7 logiV)) (in T) for N > n . 

It is well known that a Poisson(A) random variable Y can be coupled with a Binomial(AT, X/N) 
random variable Y', in a way that 

P[Y = Y'] > 1-2X 2 N~\ (11.2) 

see for instance [131 Chapter 2.6] or [Ml Theorem 1] for a bound on the total variation distance and [231 
Chapter 4] for a connection between total variation distance and coupling. On the other hand, by [U 
Theorem 4], there exist 9 = 9(X) > and C3 such that for and any t, A > 0, 

y[Z t >AX*] = y[e 6 ^/^ >e 6A ] < e - eA £ [e e ^1^] < C 3 e~ eA . 

This bound permits to estimate the volume of the subgraph _B(0,7log N) of T. Fix 7 € (0, 1). Since 
|£(0,7logAO|=£o<t <7iog./v we ^ aYe that 

y[|B(0, 7 iogiv)| >iY 37losA ] 

7 log N 7 log N 

< y ^ Zt - ^ 27logA ] < E y[Zt>N'< x ° &x x t ] 

t=0 t=0 

for all N > No(X, 7). Therefore, applying the previous estimate, we conclude that for every < 7 < 1, 
there exist C3 < 00 and iVo(A, 7) < 00 such that 

y[\B{0,j\ogN)\> N 3 ^ losX ] < C 3 exp{-9N^ losX }. (11.3) 

for all N > N . 

Claim A follows from (|11.2[) and f)l 1 .3[) . which concludes the proof of Proposition II 1.21 □ 



In the proof of the previous lemma we also obtained a bound on the size of a ball B(z, 7 log N) around 
a typical point z. 
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Corollary 11.3. For any < 7 < (3 log A) , there exist a finite constant C2 and an integer No, 
depending only on A and 7, such that for any random point z € {1, . . . , A}, 

P[|B(z,7logiV)| > AT37logAj < ^^logA-l 

for all A > A . 

As required in (|B3|) . we extend the local isometry obtained in Proposition [TTT^l to various balls in the 
random graph £f/v- 

Corollary 11.4. Fix positive numbers b and 7 such that < 26 + 67 log A < !■ There exist constants 
Cq, No, depending only on A and 7, and a coupling Q' = Q' N between the random graph Sfjv Ofld A b 
independent Galton-Watson trees 7i, 1 < i < A b , smc/i i/ia£ /or aZZ A > Ao, 

Q'[^ c ] < Co jv 26+67logA_1 , 

where 28 is the event "The balls (zi,B(zi, r y log N)), 1 < i < A b , are disjoint and isometric to (0i, B(0i, 7log A)) ", 
and Zi, . . . , Zjyt are szies randomly chosen in {1, . . . , A}. 

Proof. Choose randomly N b sites on {1, . . . , A}, denoted by z\, . . . , z N b. By Proposition 111.21 for N 
large, there is a coupling Q' between independent Erdos-Rcnyi random graphs 1 < i < A b , and 
independent Galton-Watson trees 0* in a way that with probability at least 1 — CiA b A 37log A ~ 1 each 
ball (zi, B(zi, jlog A)) in is isomorphic to (0j,S(0j,7log A)) in Tj. 

We construct an Erdos-Rcnyi-distributcd graph Sf/v which is partially determined by the above Sf^-'s. 
We first explore the ball B{z\ , 7 log A) in Every edge {x, y} revealed during this exploration is open 
in &n if and only if it is open in Then we proceed by exploring B(z 2 , 7 log A) in Jfjy observing only 
that we do not reassign values to edges in Sfjv that were already established in the previous step. After 
proceeding with this exploration for i = 1, . . . , N b , we assign the remaining edges of Sf/v independently. 

It is clear from the above exploration procedure that the graph ^ is distributed as an Erdos-Rcnyi 
random graph. Moreover, on the event &/ defined as "the balls B(zi, 7 log A), i = 1, . . . , A b , arc pairwise 
disjoint in {1,..., A}", we have that (z,, B{z%, 7log A)) in Sf/y is isomorphic to the corresponding pair 
in Sf^. Consequently they will be isomorphic to (0j, B(0j, 7 log A)) in T^. Therefore, to conclude the 
proof of the corollary, it remains to estimate Q 1 [s/ c ] . 

Since all the vertices arc indistinguishable, Q'\s^ c \ is bounded by 

A 2b Q'[ J B(z 1 ,7logA)nB(z 2 , 7 logA) ^ 0] = N 2b Q'[ Zl £ B(z 2 , 2 7 log A)] . 
Since zi is independent of z\, this latter probability is bounded by 

Q'[|B(z 2 ,27logA)| > A 67logA ] + — N 6 ~< losX . 

By Corollarv lll.31 for A large, the first term is bounded above by C , 2A 67logA ~ 1 for some finite constant 
C2. Hence, 

Q'[gf C ] < (7^26+67 log A- 1 : 

which proves the corollary. □ 

It is a well known fact that 

conditioned on being infinite, T is T-a.s. transient, (H-4) 

see Theorem 3.5 and Corollary 5.10 in [55]. We denote by w the probability that a simple random walk 
starting at never returns to this site, the so called escape probability. As we will show, the distribution 
of v under CP is close to that of the probability that a random walk on the giant component C max of the 
random graph escapes from a certain neighborhood of a random vertex. 

Since the isometry obtained in Corollary 111.41 is local, we need a tool to show that looking at a 
neighborhood of 6 T we can obtain precise estimates on the escape probability v . The next result 
plays a central role in this respect. Denote by A;, I > 0, the points of the l-th generation of a tree: 
Az =B{0,l)\B(0,l-l). 

For a fixed tree T, we denote by P y , y £ T the probability induced by the discrete-time simple random 
walk on T starting from y. 

Proposition 11.5. There exist constants c\, ci, depending only on \, such that, for every I > 1, 

y sup P y [H < 00] > exp{— cil} < exp{— C2I} ■ 
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Proof. Throughout the proof of this lemma, given a rooted tree T and a vertex y € 7, we denote by 7 y 
the subtree formed by the root y together with the descendants of y in T. 

The idea is to show that in the path between y and there are many tunnels from which the random 
walk can escape to infinity. In order to properly define these tunnels, we need to introduce some extra 
notation. For an arbitrary tree T rooted at 0, we define the tree 7 tai1 , obtained by adding a vertex 0' 
which is connected to by an edge. This extra element should be regarded as the ancestor of 0. In the 
proof, we use the notation to specify on which tree the random walk is defined. 

For a given 5 > and a tree 7 with root 0, we say that 7 satisfies the property Q s if 

PT ll [H , =oo}>5. 

In other words, the property Q s is saying that a random walk on T* al1 has probability at least 8 of never 
hitting the ancestor 0' of the root 0. 

It is clear from (|11.4[) that for every e > 0, there exists a 6 = S(e, A) > such that 

y[7 does not satisfy Q 5 } < q + e, (11.5) 

where q is the extinction probability: q = T[T is finite]. 

If y is in the Tth generation of 7, we write = yo, yi, . . . , yi = y to denote the unique simple path 
connecting to y. Moreover, we denote by T(y) the number of elements yk, < k < I, having at least 
one descendant y' k ^ yk+i such that 7 y > satisfies Q s . 

We can now use (|11.5p together with in [2TJ Lemma 1] to conclude that there exist constants C3 and 
C4 such that 

y[3y <G A ; such that T(y) < c 3 l] < exp{-c 4 ^} . 

To conclude the proof of the lemma it remains to show that there exists c\ > for which the event 
"3 y € A; such that P y [H < 00] > exp{— ci^}" is contained in the event "3 y g A/ such that T(y) < C3Z" . 

Assume that all points z in generation I of T are such that T(z) > C3I and fix a point y £ A;. Recall 
the definition of yo, ■ ■ ■ ,yi given above and consider a subsequence kj, 1 < j < C3Z, for which y^. has a 
descendant y' k . 7^ ykj+i such that 7 y ' k satisfies Q s . These points are the entrance to the tunnels 7 y > k 

that we have referred to in the beginning of the proof. 

Let T_ be the subtree of 7 with all the descendants of yk 6 removed, 1 < j < C3I, with the exception of 

ykj+i and y' k .. An argument based on flows or capacities shows that [H < 00] < Py~ [H < 00] < 

P yfc ~ m [H < 00] where m — c^l. By the strong Markov property, 

P L \H Z <^]< P 7 y - m [H ykm i < ex.] P^ [H < 00] . 



Since 7 y ^ satisfies Q s and since we removed all descendants of j/^ with the exception of y' k . and ykj+i, 

= 00] > 5/3. Hence, the p 

1 - (5/3)] P T y - \H <^} 



P V k m [H yk i = 00] > (l/3)P y r [H ykm — 00} > (5/3. Hence, the previous expression is bounded by 



Iterating this argument m — 1 times we finally get that P y [H < 00] is bounded by [1 — ((5/3)] c ' il 1 , 
which concludes the proof of the lemma. □ 

Proposition II 1 .51 permits to approximate the inverse of the escape probability v by a local quantity. 
Fix a infinite tree T and m > 1. Let be the probability to escape from B(0,m), = P [H^ > 
HB(0,m) c ]- Recall from [3SJ Chapter 9] the notion of flow and energy of a flow. Since |T| = 00, we can 
define a trivial unit flow from to -B(0, m) c which has energy equal to m. Hence, by Proposition 9.5 
and Theorem 9.10 of [35], 

v { n} > (4m)- 1 , (11.6) 

where d is the degree of the root. 

Corollary 11.6. There exist positive constants C\ and ci, depending only on A, such that 



7 

{or every I > 1. 



Aj| <exp{ci/}| A l <cxp{-c 2 /} 
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Proof. For a tree with at least I generations, let Sz be the graph obtained by identifying all points in A;, 
naming this vertex z\. All other sites are left untouched, and the number of vertices of this new graph 
is \B{0,1)\ - | A; | + 1. We know that 

\Ai\/d = 7r(z ; )/V(0), 

where tt stands for the stationary measure of a simple random walk on Sz- The ratio in the right hand 
side of the above equation can be estimated using the escape probabilities from these two points. If 
, x £ Sz, stands for the probability on the path space induced by a discrete-time random walk on Sz 
starting from x, 

n( Zl ) _ P%[H Zl <H+] 
tt(0) p9 [H < H+] ' 

We may couple the random walk on Sz with a random walk on the tree in such a way that P%\H Zl < 
H+] = P [H Al < H+] and that P%[H < H+] < max yeAi P y [H < H+J. By ([TO]) . P [H Al < 
H ] > (d l)~ 1 . Putting together all previous estimates, we get that on the set A/ 7^ 0, 

IA/1" 1 < I ma,xP y [H < H£] < I maxP y [H < 00] . (11.7) 

Since there is a positive probability that a super-critical tree survives, the probability appearing in 
the statement of the lemma is bounded by Cq7[ |A;| < exp{ciZ}, A/ 7^ 0]. By (|11.7[) , this probability is 
bounded by C 7[l maxygA; Py[H < 00] > exp{— ci^}], which is bounded by exp{— 02/"} by Proposition 

una □ 

Corollary 11.7. For any < 7 < 1, there exist positive constants Cq and Nq > 1, depending only on 7 
and X, such that for all N > Nq, 



7 



1 

v 



> d N~ 



\7\ = 00 



< N- 



2 1 
< 

~ ATfci v ' 



where d represents the degree of and v = P [H > H B ^ 01 i ogN -jc]. 

Proof. Fix < 7 < 1 and an infinite tree T. To keep notation simple, let B = 5(0,7 log iV) and let dB 
be the set of points in B c which have a neighbor in B. By the strong Markov property, 

P [H+ > H B a] > P [H+ = 00] > P [H+ > H B o] inf P X [H+ = 00] . 

x£dB 

Inverting these terms, we obtain 

< 1 1 < 1 / 1 

~ v' v ~ v' \M xedB P x [H = 00] 

By Proposition 111.51 with I = 7logiV, there exists constants ci, C2 > 0, depending on A, such that on 
a set with probability at least 1 — N tc ' 2 the previous infimum is bounded below 1 — N~ 1Cl . Since 
(1 - a:)" 1 < 1 + 2x for x £ (0, 1/2), there exists N = 7V (7, A) such that for N > N , 

1 1 

v' v 

Estimate f| 1 1 permits to conclude the proof of the corollary, changing the values of the exponents if 
necessary. □ 

Corollary 11.8. Let T be a Galton-Watson tree with Poisson(X) offsprings, A > 1. Then, there exist 
finite constants Co, Cq and sq < 00, depending only on X, such that 

^[{vsz)- 1 > s I |T| = 00] < C exp{-c Vs} 

for all s > sq. 

Proof. Since T is super-critical, the probability appearing in the statement of the lemma is bounded by 
C3 3 3 [(w0)~ 1 > s, |T| =00] for some finite constant C3 depending only on A. Fix an integer n > 1. 
By the strong Markov property, v is bounded below by P [H B c < H ] mi yeB c P y \H = 00], where 
B = B(0, n). Therefore, T^i^) -1 > s , \7\ = 00] is less than or equal to 

y[P0{H B c < H+}- 1 > a/2, |T| = 00] + y[mt c P y [H = 00] < 1/2] . 

By (|11.6p . P {H B c < H ] > {dszn)^ 1 . The previous expression is thus bounded by 

7[d n > s/2] + V[ sup P y [H < 00] > 1/2] . 
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Set n = y/s, recall that d has a Poisson(A) distribution. Apply an exponential Tchebychev inequality 
to estimate the first term. By Proposition [TT3] with I = ^/s, the second term is bounded by exp{— c%yfs} 
provided s is large enough. □ 

The following corollary allows us to bound the quantity cn appearing in (|6.5[) and (16. 7p . 

Corollary 11.9. Fix an arbitrary vertex y G {1,...,JV} and < 7 < (31ogA) _1 . Then, 
positive constants Cq and Nq > 1, depending only on 7 and X, such that for all N > Nq, 



there exists 



sup Pz[H y < log N] > N~ 

z£B(j/,7 log N) a 



< N~ Co 



Proof. Denote by diA the internal boundary of a set A: diA = {x E A : d(x,A c ) = 1}. Fix < 7 < 
(31ogA) _1 . By Propositions II 1 .21 and [TT751 there exist positive constants ci, C2 and C±, depending only 
on A, such that 



sup P z [H y < H B c 

z€d,B 



> N~ 



< CiN c 



sup P Z [H < H B a] > N-"> C1 

zediB 



< CiN c 



N~ 



where c = 37 log A — 1 and B = B(y, 7 log N). 
Assume that sup z£d . B P z [H y < H B <=] < N^ Cl . 

sup P z [H y < \og 4 N] < N~ 



We claim that in this case 

7Cl + sup P z [H y < log^N 

z eB<= 



11. 



Iterating this estimate log N times, wc conclude the proof of the corollary. It is enough, therefore, 
to prove (|11.8p . By the strong Markov property, P z [H y < log N] is bounded by sup w£G Q iB P w [H y < 
log 4 iV]. If {H y < H B c}, by the initial assumption wc may bound the probability by N~ 7Cl . This 
gives the first term on the right hand side of (|11.8|) . On the other hand, on the set {H y > H B c}, 



H y = H B 



and H y o u B 



w G diB, 



Hy0 8 H 

p 

which proves (|11.8[) and the corollary. 



9h B c < log N — 1. Hence, by the strong Markov property, for every 

1], 



H y < log 4 N,H BC < H y ] < P w [H B c < H y ] sup P z [H y < log 4 N 

zeB c 



□ 



We conclude this section deriving the scaling limit of the random walk A t on the giant component 
of the super-critical Erdds-Renyi random graph. 

Theorem 11.10. Consider the trap model on the largest component C max of the Erdds-Renyi random 
graph with traps , x € C max , as described in the beginning of this section. Assume that ^n{Xq) 
converges in probability to some k £ N. Let /3/v = (Oa-^) 1 ^"- Then, 

(/3^ 1 W Ar , ^ N(X^j N )) converges weakly to (w,K t ) , 

where w is the sequence defined in (|8.4j) and where, for each fixed w, K t is a K -process starting from k 
with parameter (Z,u), where = Wk/Ek and Uk = DkEk- Here, (Dk,Ek), k > 1 is an i.i.d. sequence, 
distributed as (d , V&) under D 5 [ • |T| = 00] . The above convergence refers to the ^-topology in the first 
coordinate and dx -topology in the second. 



Proof. We need to establish conditions (|B0[) - (|B3[) for the above sequence of graphs and to apply Thco- 
rcm !2.21 Condition (|B0[) has been proven in the beginning of this section. The main difficulty in checking 
the remaining hypotheses comes from the fact that we are dealing with the giant component C maX! which 
has a random size, instead of the whole set {1, . . . , N} as in the above lemmas and propositions. 

In order to prove (|Blj) . let In = (7/2) logiV with 7 satisfying the conditions of Corollary II 1.41 Since 
the term inside the expectation in (|B1[) is bounded by one, the expectation in (|B1[) is less than or equal 
to 



3 



1 



E 



\B(x,2£ 



N) 



< 



< (r>x/2)N] 



:3 



JV 

[J2\B(x,2£ n ] 

x=l 



By Theorem 111.11 the first term vanishes as N t 00, while by Proposition 111.21 and Corollary 111.31 the 
second term vanishes. This proves that condition (|B1[) is fulfilled. 
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By [SI Uni HO] , with high probability the mixing time of a random walk on C max is less than or equal to 
C log 2 TV for some finite constant Co- Choosing Ljy = C 1 log 2 TV, the hypothesis (IB2I) becomes a direct 
consequence of Corollary 111.91 It is indeed enough to condition the event appearing in the statement 
of Corollary 111.91 on the set that y belongs to C max and to recall from Theorem 111.11 that the giant 
component has a positive density with probability converging to 1. 

It remains to check (IB3I) . Let Q' N be the coupling between the random graph and TV 6 independent 
Galton- Watson trees % constructed in Corollary II 1.41 We assume that these trees are the first TV 6 trees 
of an infinite i.i.d. sequence of Galton- Watson trees. 

Fix K > 1 and let fi, f2, ■ ■ ■ , Fx be the first K points which belongs to C max : fi = zj if zj e C max 
and Zi ^ C max for 1 < i < j, and so on. It is clear that ji, . . . is uniformly distributed among all 
possible choices and that the probability of not finding K points in C max among N b points uniformly 
distributed in "f^ converges to 0. 

Let 1 < j < K, be the first K indices of trees Tj which are infinite and let (Dj,Ej) be the 
degree and the escape probabilities (dgs^Vz) in 7^.. Note that the vectors (Dj,Ej) are independent 
and identically distributed and that Q' N [{D\, E\) £ A] = y[{dz,vz) € -A||T| = oo] . In particular, by 
Corollary 111.81 and Schwarz inequality the last two conditions in (|B3[) arc fulfilled. 

Let A at be the event "the graphs 7 log TV)), 1 < i < K, are isometric to the graphs 

(xji, B(fi,j log N)), 1 < i < K" . In view of Corollary 111.71 on the set Ajv, the first two condition 
in (|B3p are fulfilled. To conclude the proof of condition (|B3[) it remains to show that 

Jim V[A C N ] = . (11.9) 

We define six sets Ejv.j, < j < 5, such that no<j<s^N t j C An and then prove that each of this 
set has asymptotic full measure. Recall that b and 7 satisfy the assumptions of Corollary 111.41 and let 
Sat.o = 38- Since {{li)f =1 = (t)i)|Li} H/^" C An, we need to impose further restriction to guarantee that 
ft =X)i,l<%< K. 

Let Ejv.i = {diam(e max ) > 7logTV}, let E N , 2 = {\{zi, ■ ■ ■ , z iogN } n C max | > K} and let S w ,3 be 
the event "every three Tj, 1 < i < log TV, with diameter greater or equal to 7 log TV survives". On 
T,n,o n Sjv.i n Sw,2 n Sjv,3, the graphs B(ji, 7 log TV)), 1 < i < TV, are coupled to infinite trees. 

It remains to guarantee that there is no infinite tree coupled with a graph (zj, B(zi, jlogN)) whose 
root Zi does not belong to C max . Let Ejv,4 be the event "Every tree T,, 1 < i < log TV, with diameter 
greater of equal than 7 log TV has at least TV 5 elements among the first 7 log TV generations" , and let E jy,5 
be the event "Every connected subset of Yn with more than TV 5 elements is contained in C max ". On 
Ea^o H Ejv,4 H Ejv,5, all infinite trees T^, 1 < i < log TV, are coupled with graphs whose root belongs to 
P 

Putting together the previous assertions, we get that Ho<j<5^N .j C Ajy, as claimed. We next show 
that each event introduced above has asymptotic full probability. By Corollary 111.41 P[E^ ] vanishes, 
by Theorem EU and by Corollary QXH P[Z N1 \, and by Theorem QTJ] P[E^ 2 ] vanishes. By Corollary 
111.61 P[E^ 4 ] vanishes for some 6 > 0, and by Theorem 111.11 P[E» r 5 ] vanishes. Finally, by Corollary 
111.61 there exists 8 = #(7, A) > with the following property. A tree which has diameter 7 log TV has at 
least N s elements at generation 7 log TV with probability converging to 1. Since from each element of the 
generation 7 log TV descends an independent super-critical tree which has positive probability to survive, 
P[E^ 3 ] vanishes □ 
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